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1. Introduction 

In a recent paper [ISJ, H. Inou and M. Shishikura demonstrated 
that the successive parabolic renormalizations V n (fo) of the quadratic 
polynomial fo(z) = z + z 2 converge to an analytic map /* defined in a 
neighborhood of the origin, which satisfies the fixed point equation 

v{h) = u 

Conjecturally, the solution of the above functional equation is unique 
in a suitably restricted class of maps. 

In this paper we present a class of analytic maps P which have a 
maximal analytic extension to a Jordan domain, satisfying the invari- 
ance property 

V : P -»■ P. 

The covering properties of a map / £ P admit an explicit topologi- 
cal model. We prove that the Inou-Shishikura fixed point /* of V is 
contained in P, and conjecture that successive renormalizations of any 
map / £ P converge to /*. 

The boundary of the maximal domain of analyticity of /* has a 
a highly degenerate geometry. It is this bad geometry that makes 
the study of /* so challenging. In contrast, consider the parabolic 
renormalization of critical circle maps with a parabolic fixed point on 
the circle, which both of the authors have studied |Lan[ IYa[ lEYj . The 
corresponding renormalization fixed point also has a maximal analytic 
extension, whose covering properties are similar to those of /*. The 
geometry of its domain of analyticity, however, is rather tame, which 
permits both a numerical and an analytic study. 

We present a numerical method for computing the Taylor's expansion 
of /* with a high accuracy. Our approach also allows us to compute the 
domain Dom(/ t ), and the reader will see the first computer-generated 
images of it. Finally, we obtain a numerical estimate of the leading 
eigenvalue of DV\^. 
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2. Local dynamics of a parabolic germ 

2.1. Fatou coordinates. We briefly review the local dynamics an an- 
alytic function / in the vicinity of a parabolic fixed point at 0: 

f( z ) = e 2mp/q z + 0(z 2 ). 

We consider first the case q — 1, that is, f'(0) = 1, and we write 

(2.1) f(z) = z + az n+1 + 0{z n+2 ), 

for some n G N and a^O. The integer n + 1 can be recognized as the 
multiplicity of as the solution of f(z) — z — 0. 

A complex number v of modulus one is called an attracting direction 
if the product av n < 0, and a repelling direction if the same product is 
positive. The terminology has the following meaning: 

Proposition 2.1. Let {f k (z)} be an orbit in Dom(/) \{0} which con- 
verges to the parabolic fixed point 0. Then the sequence of unit vectors 
f k (z)/\f k (z)\ converges as k — > oo to one of the attracting directions. 

We say in this case that the orbit converges to p from the direction 
ofv. 

If / has a parabolic fixed point at 0, it admits a local inverse there, 
by which we mean a function g, defined and analytic on a neighborhood 
of 0, so that g(f(z)) = z = f{g(z)) for z near enough to 0. The germ 
at of a local inverse is unique, but its domain of definition typically 
has to be chosen. A local inverse also has a parabolic fixed point at 0; 
attracting directions for / are repelling for the inverse and vice versa. 

Definition 2.1. Let v be an attracting direction for /. An attracting 
petal for f (from the direction u) is a Jordan domain P with closure in 
Dom(/) such that: 

(1) G dP 

(2) / is injective on P; 

(3) /(?\{0})CP; 

(4) for any z£P, the orbit f k (z) converges to from the direction 
u, and the convergence of f k to is uniform on P. 

(5) conversely, any orbit f k (z) which converges to z from the direc- 
tion v is eventually in P. 

Similarly, U is a repelling petal for / if it is an attracting petal for some 
local inverse g of /. 

Judiciously chosen petals can be organized into a Leau-Fatou Flower 
at 0: 
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Theorem 2.2. There exists a collection of n attracting petals P°" , and 
n repelling petals PJ such that the following holds. Any two repelling 
petals do not intersect, and every repelling petal intersects exactly two 
attracting petals. Similar properties hold for attracting petals. The 
union 

(up?) u (up;) u {0} 

forms an open simply-connected neighborhood of 0. 

The proof of this statement relies on some changes of coordinates. First 



of all: Every germ of the form (2.1) can be brought into the form 



(2.2) f(z) = z + z n+1 + az 2n+1 + 0(z 3n+1 ) 

in a suitable conformal local coordinate change at 0. In fact, a straight- 
forward induction shows the following: 

Proposition 2.3 (cf. [Mill] Problem 10-d. |BE] ). For every germ of 



the form (2.1) there exists a unique a G C such that for every N G N 
greater that 2n + 1 there is a locally conformal change of coordinates 
ip, with ip(0) = 0, such that 

ipofo ^(z) = z + z n+l + az 2n+1 + 0(z N ). 

Further, there exists a formal power series ^(z) = X^LiPfc- 2 which 
formally conjugates 

o / o ^(z) = z + z n+l + az 2n+1 . 

Thus, the number a G C is a formal conjugacy invariant of f , and 
specifies its formal conjugacy class uniquely. 

For the next few paragraphs, we will take / to have the special form 



(2.2). The attracting directions are then the nth roots of —1. We will 
describe some ways of constructiong attracting petals for the attracting 
direction v\ the adjustments necessary to deal with repelling petals are 



routine. The reader is reminded that (2.2) is not the general form of a 
mapping with a parabolic fixed point of order n; it has been cleaned up 
by making a preliminary analytic change of coordinates to eliminate 
some powers of z in its Taylor series. 

The behavior of orbits of such an / near is greatly clarified by 
making the coordinate change 

w = k(z) := . 

v ' nz n 

We are considering a particular attracting direction, and we take k to 
be defined on the sector between the two adjacent repelling directions; 
it opens up this sector to the complex plane cut along the positive real 
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axis. With its domain of definition restricted in this way, k is bijective, 
and its inverse is given by 

l/n 



K (w) 



1 

nw 



where the branch of the n-th root is the one cut along the positive real 
axis and taking the value v at —1. 
Then 

F(w) : = 




We thus obtain: 



where 



F(w)=w + l-\ VOil/w 2 ) asw^oo 

w 



a 1/^ + 1 

A = a 

n V 2 



Selecting a right half-plane H r = {Re z > r} for a sufficiently large 
r > 0, we have 

ReF(w) > Rew + 1/2, and hence F{H~ r ) C H r . 

The domain K,~ l (H r ) is then an attracting petal for the attracting di- 
rection v. In the case of a simple parabolic point, what we have just 
shown simplifies to the assertion that any disk of sufficiently small ra- 
dius tangent to the imaginary axis from the left at is an attracting 
petal. 

The petals just discussed - pullbacks of half-planes under k - have 
boundaries tangent at the origin to the directions e ±m '^ 2n ^ "v . For many 
purposes - such as the proof of Theorem 2.2 - we will need petals 
with strictly larger opening angle. There are many ways to construct 
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such petals; here is one which is convenient for our purposes. Let 
7r/2 < a < 7r, R > 0, and let 

A(a, R) := {w : —a < Aig(w - R) < a} 

(i.e., A(a, R) is the sector {—a < Arg(w) < a} translated right by R.) 
From 

F(w) =w + l + 0(l/w), 
there exists a R = Ro(a) so that 

(2.3) | Arg(F(u>) — w)\ < n — a and Re{F(w)) > Re(w) + 1/2 
for |iu| > i2o- If R is large enough, the domain A(a,R) does not 



intersect the disk {\w\ < R }, so (2.3) holds for w G A(a, -R). For such 
.R's, by elementary geometric considerations, 

F (A(a, fl)) C A(a,R), 

and F n {w) — oo for all w e A(a,R). Further any A(a,R) contains 

a right half-plane and hence eventually contains any F-orbit converging 
to oo. Finally, it can be verified that the sequence of iterates F n 
converges uniformly to oo on A(a,R). We omit this verification; it 



uses simplified versions of the ideas used in the proof of Lemma 2.13 
Thus, sets of the form k _1 (A(a,R)) are attracting petals, symmetric 
about the attracting direction under consideration, with tengents at 
the origin in directions e ±ia ^ n u. It will be useful to have a general term 
for behavior for this: We will say that a petal P with attracting or 
repelling direction v is ample if 

P D {z : | Arg(z/z/)| < a/n, \z\ < r} 

for some a > it/ 2 and sufficiently small r. 

The dynamics inside a petal is described by the following: 

Proposition 2.4. Let P be an attracting petal for f . Then there exists 
a conformal change of coordinates <fi defined on P, conjugating f(z) to 
the unit translation T : z t- > z + 1. 

Proof. For a traditional proof, see e.g. |Millj §10. We cannot resist 
giving a proof based on quasiconformal surgery, which probably orig- 
inated in the work of Voronin |Vor j . For definiteness, we discuss the 
case of an attracting petal with attracting direction u, and let 

F(w) =w + l + 0(l/w) 

be as above. Also as above, we select a right half-plane H r . The main 
step will be to prove the existence of for the special petal n~ x H r) 
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which we provisionally denote by Pq. The case of a general petal will 
then follow by an easy extension argument. 

As we know, F(H r ) C H r , so let us denote S the closed strip 

S = H r \F(H r ). 

Setting § = {Rez G [0, 1]}, let h be any diffeomorphism 

h : S ->• S, 

which on the boundary of the strip conjugates F to T: 

T o h(w) = ho F(w), for all w with Rew = r. 

We will further require that the first partial derivatives of h and h^ 1 
be uniformly bounded in S. Verifying the existence a diffeomorphism 
with these properties is an elementary exercise which we leave to the 
reader. 

The diffeomorphism h defines a new complex structure ji = h*ao on 
§, which we extend to the left half-plane {Re z < 0} by 

H\ w = (T n )> for T n (w) e S. 

Gluing together H r with the standard complex structure and the half- 
plane {Rez < 1} with structure fi via the homeomorphism h (which is 
now analytic), and using the Measurable Riemann Mapping Theorem, 
we obtain a new Riemann surface X. By the Uniformization Theorem, 
X is conformally isomorphic either to C or to the disk. By construc- 
tion, X is quasiconformally isomorphic to C and therefore cannot be 
conformally isomorphic to the disk. We can specify a conformal iso- 
morphism $ : X — > C uniquely by imposing normalization conditions 
$(0) = and $(-1) = -1. 

The pair of maps T|{R e z<o} and F\u r induces a conformal automor- 
phism of X, which we denote by F. Then $ o F o $~ x is a conformal 
automorphism of C with no fixed point. It is a standard fact that the 
only such automorphisms are translations, and our choice of normal- 
ization for $ implies that 

(2.4) $ o F o $- x = T. 

But F = F on H r C X, so we get 

$ o F = T o $ on H r . 

Moreover, the restriction of $ to H r is analytic in the standard sense. 
Thus, we set := $ o k on P := /t _1 iJ r and obtain 

0o/ = 0+l on P , 



PARABOLIC RENORMALIZATION 



7 



as desired. Since $ is a conformal isomorphism from X to C, the map 
is univalent on P . 

This proves the existence of on the particular petal Pq. We provi- 
sionally denote the above 0, which is defined on Pq, by 0o- We define 

P>1 := {z : f n (z) — > from the direction u}. 

If z G P^, then / n (^ ) G P for sufficiently large n. If / n °(^ ) e Po, 
then (/ n °)~ 1 -Po is an open set containing zq and contained in B£, so P^ 
is open. Since Pq is mapped into itself by /, and since 

&>(/(*)) = + 1 onP , 

<f>o(f n (zo)) —n takes the same value for all n for which f n (z ) G Po- We 
denote this common value by <f>(zo), thus obtaining a function defined 
on all of B>1 and extending O defined on P C B[. Tautologically, 

4>{f{z)) = fa) + 1. 

If f no (z ) G P , then f no (z) G P on a neighborhood of z , so 0(z) = 
4>o{f n °{ z )) — uq on this neighborhood, which shows that the extended 
is analytic, but not necessarily univalent, on all of B[. 

Now let P be a general attracting petal with the same attracting 
direction v. By definition of petal, P C B£, so we can restrict <fi to P, 
thus obtaining an analytic function satisfying 

<f>(f(z)) = (f>(z) + l on P. 

It remains to show that the restriction of to P is univalent. To see 
this, let zi, z 2 be points of P with <j)(zi) = (fi(z 2 ). For sufficiently large 
n, f n (zi) and f n (z 2 ) are both in P , so 

Mf n (zi) = 0(*i) + n = ^{z 2 ) +n = Mf n (z2))- 

But, by construction, O is univalent, so f n (zi) = f n (z 2 ). The argu- 
ment so far works for any pair z±, z 2 in B[ with <j)(zi) = 4>{z 2 ). Now, 
however, we use that facts that Z\ and z 2 are both in the petal P, which 
is mapped into itself by / and on which / is univalent. Hence, from 
f n (zi) = f n (z 2 ) it follows that z\ = z 2 , proving univalence of on P. 

□ 

We define attracting Fatou coordinate (for the attracting petal P 
with attracting direction v) to be a function <pA defined, analytic and 
univalent on P and satisfying 

4> A {f{z)) = <t> A {z) + l on P. 

As we have seen, such a function extends uniquely, via the above func- 
tional equation, to all of B[, and the extension restricts to an attracting 
Fatou coordinate on any other petal with attracting direction v. It is 
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clear that, if 4>a is an attracting Fatou coordinate then so is 4>a + c 
for any constant c. We will see shortly that any two attracting Fatou 
coordinates differ only in this way. 

Any attracting Fatou coordinate can be written in the form <pA = 
§a ° k, where <£>a satisfies the functional equation 

$a(F(w)) = &a(w) + 1 (with F = ko/o k" 1 as above,) 

on an appropriate F-invariant domain "near infinity" . We will refer to 
such $a's as Fatou coordinates at infinity. 

Repelling Fatou coordinates are defined similarly. Roughly speaking, 
a repelling Fatou coordinate for / means an attracting Fatou coordinate 
for an analytic local inverse g of /. If, however, f(z) = z + z n+1 + . . ., 
then g(z) = z — z n+1 + . . ., which can be brought back into the standard 
form by conjugating with z i— > — z (n odd) or z h> i ■ z (n even.) 
The factors of —1 respectively i propagate to numerous places in the 
formulas. We leave it to the reader to sort this all out except to specify 
that 

• a repelling Fatou coordinate <f>R satisfies the same functional 
equation 

MM) = M*) + 1 

as does an attracting one, but the domains are different, and 

• the image of a repelling Fatou coordinate is mapped into itself 
by the unit left translation w i— > w — 1 (so, as it turns out, 
the image of an ample repelling petal under a repelling Fatou 
coordinate contains a left half-plane. 

Again, it is useful to consider also repelling Fatou coordinates at infinity: 
If 4>r is a repelling Fatou coordinate, the corresponding one at infinity 
is 

$r(w) = <Pr{k-\w)) 

(but the appropriate branches of hT 1 are different from the ones in the 
attracting case.) 

Our next step is to prove a crude asymptotic formula for a Fatou 
coordinate at infinity. It is advantageous here to deviate from what we 
have been doing. We consider a mapping / of the form 

/(*) = z + + / n+2 ^+ 2 + • • • , 

i.e., we do not assume we have made a preliminary change of variable 
to eliminate, e.g., the terms z^ for j between n + 1 and 2n + 1. We 
introduce F — k o / o k' 1 as before; this time, the behavior of F near 
infinity is 

F(w) = w + v(w) where v(w) = 1 + ViW~ 1/n + v 2 w~ 2/n + . . .; 
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the series converges for sufficiently large \w\. Let $^ be an attracting 
Fatou coordinate at infinity. By what we have already proved: For any 
a < 7r, there is an R so that $^ extends analytically to a univalent 
function on the set {\w\ > R, —a < Arg(w) < a}. 

Proposition 2.5. 

& A (w) -> f and $ A (w)/w -> f 

uniformly as w — >■ oo in any sector {—a < Arg(w) < a} with a < ir. 
The same limits hold for but with w — > oo in the opposite sector 
{—a < Arg(— w) < a} 

This proposition is a less-precise version of Lemma A. 2. 4 of |Shj . 
and the argument we give is the first part of Shishikura's proof of that 
lemma. Shishikura carries the analysis further and is able to iden- 
tify, in favorable cases, the first correction to the indicated asymptotic 
behaviors. We do not give his full argument here, as we will prove The- 
orem 2.12, which gives more precise information about the asymptotic 



behavior of Fatou coordinates. 

Proof. Fix a with it/ 2 < a < it, and let a < a.\ < tt. Take R± so that 
Q A is defined and univalent in 

5*i := {\w\ > R\, —Q!i < Arg(w) < ai} 

and also so that \v(w) — 1| < 1/4 on Si. For u> G Si, denote by p = 
p(w ) the distance from w to the boundary of Si. We will investigate 
limits as \w \ — > oo in the strictly smaller sector —a < Arg(w ) < a; 
then there is a constant k > so that, asymptotically, p(w ) > k- \wq\. 
In the following, we will frequently assume silently that p(wq) is "large 
enough". We will also use C to denote a generic "universal" constant; 
different instances of C need not denote the same constant. 

For the first step, we use the Koebe Distortion Theorem: If \w— wq\ < 
p — 2 - so the disk of radius 2 about w is in S\ - the mapping 

$aO + a) - $ A (w) 
a !->■ r^-^ 

is analytic and univalent on {\a\ < 2} and has unit derivative at the 
origin. A simple rescaling of the Koebe Theorem to adapt it to the 
disk of radius 2 gives a universal constant C > so that 



$aQ + a) - $a(w) 



> CT 1 for 3/4 < \a\ < 5/4 
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We insert a = v(w) into this estimate, use |1 — v(w)\ < 1/4 to ensure 
that 3/4 < \v(w)\ < 5/4, and use also the functional equation 

$ A (w + v(w)) = $ A (F(w)) = $ A (w) + 1 

to get 

< C for \w - w \ < (p — 2). 
Applying the Cauchy estimates gives a bound 

C 

\$a( w )\ - — for \ w - w o\ < p/2 
P 

(with a different C). 

Next we apply Taylor's Formula with Integral Remainder to write 

$a(u>o + a) = $a(wo) + a ■ &(w ) + a 2 ■ f (1 - s)§"(w + s ■ a)ds. 

Js=0 

Again, we set a = v(wo) and use $a(wo + v(wo)) = $^(^0) + 1 to get 
1 - v(w )& A (w ) = (v(w )) 2 [ (1 - s)$"(w + s ■ a)ds. 

Js=0 

Since the estimate < C/p holds for all w appearing in the 

integral on the right, we get 

\l-v(w ) ■ & A (w )\ < C/p(w ). 

We have already remarked that p(wq) > k\wo\ as wo — > 00 in the sector 
{—a < Arg(w ) < a} so 

\<&'a( w o) — ^(wo)' 1 ] = O(|wo| _1 ) in that sector. 

This establishes the asserted convergence of Q' A ; the assertion about 
$(w)/w follows by integration. 

□ 

Equipped with this information about the asymptotic behavior of 
Fatou coordinates, we can now show that the image of a Fatou coor- 
dinate is large enough. As usual, it suffices - up to insertion of some 
minus signs - to consider the attracting case. Let $^ be an attracting 
Fatou coordinate, and let < a < ir. Then, for sufficiently large R, 
§a extends analytically to a univalent function on 

S := {w : \w\ > R, —a < Arg(w) < a} 

Proposition 2.6. Let < a < a. Then, for sufficiently large Rq, 

$a(S) D So := {\w\ < R , -a < Arg(w) < a }. 
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Proof. Let wo G So; we want to investigate solutions to the equation 
&a{w) = wq which we rewrite as 

w = w + w — $a( w ) ='■ ^o( w ) 

The idea is to apply the Contraction Mapping Principle to using 
the fact that ^' {w) = 1 — Q' A (w) which is small for w large. To do 
this, we need to find a domain mapped into itself by \l/o and on which 
is contractive. Suppose we can find a 5 > so that 

• |#' O)| < 1/2 for \w - w \ < 5 

• j^oOo) -w \ < 5/2 
Then, for \w — Wq\ < 5, 

|^oH - w \ < |^oH - *oWI + l^oK) - w \ 

< (1/2) • \w - w \ + 5/2 < 5/2 + 5/2 = 5, 

so the disk of radius 5 about w will be mapped to itself, and will 
have a unique fixed point in this disk. 

We implement this strategy as follows: First of all we arrange, by 
making R larger if necessary, that — 1| < 1/2 on S. We write 

e := sin(a; — a ), 

and we note that, by elementary geometry, \w — wq\ < e ■ wq implies 
| Arg(w/w )| < a — a . If we further take _R > (1 — e)^ 1 ^, then the 
disk of radius 5 := e • \w \ about w is contained in S, for any wq G Sq. 
Recall that we have already arranged that \^f' \ < 1/2 on S. Finally, 



we apply Proposition |2.5| to see that, by taking R large enough we can 
arrange that 

\®a{wo) — Wq| < (1/2) ■ e ■ | iu 1 for all w G S . 

All the element for the above contraction argument are now in place, 
and we can conclude that, for every u> G So, there is a unique w with 
$a{w) = wo in {\w — wo\ < e|wo|} C S. This proves the assertion 
<5>a(S)dS . 

□ 

It follows from this proposition that: 

Proposition 2.7. The image under ip a of any ample petal of f contains 
a right half-plane. 

A similar assumption holds for ample repelling petals, but with the 
image under 0^ covering a left half-plane. 

Let P be an attracting petal. We define a relation on P by z\ ~ Z2 
if z\ and Z2 are on the same orbit, that is, if either z 2 = f-'(zi) or 
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z\ = P{z2) (with j > 0.) It is easy to check that this is an equivalence 
relation. 

Consider the quotient P/^. The canonical projection it : P — > Pj ^ 
is locally injective, and it is straightforward to verify that there is a 
unique way to give Pj ^ a Riemann surface structure in such a way as 
to make 7r analytic and therefore a local conformal isomorphism. 

Let Pi be another attracting petal contained in P. Since the orbit 
of every point z e P eventually lands in Pi, the inclusion Pi ■=->■ P 
induces a conformal homeomorphism 

Pi/ P/„. 

Now if P 2 is any attracting petal with the same attracting direction as 
P, the intersection P fl P 2 is also a petal. Hence 

p 2 /^~p/^ ~ (pnP 2 )/~- 

Thus, the quotient P^ does not depend on the choice of the petal P 
but only on the choice of the attracting direction v corresponding to 
P. We will write 

P/~ = C V A . 

We will omit v from the notation when the choice of the attracting 
direction is clear from the context (for instance, when there is only one 
attracting direction). 

Let 4>a be an attracting Fatou coordinate defined on some petal P. It 
is easy to verify, using the injectivity of <pA on P, that two points z\ and 
z 2 are equivalent if and only if 4>a{z\) — 0a (^2) £ Z. Hence, 0^ defines 
by passage to quotients an injective mapping 4>a from C V A to C/Z. If 



we take P to be an ample petal, then it follows from Proposition 2.7 
that 4>a takes on all values in C/Z. Thus: 

Proposition 2.8. TTie map <pA is a conformal isomorphism from the 
Riemann surface C V A to the C/Z*. 

In light of the preceding proposition, we will call C U A the attracting 
cylinder corresponding to the direction v. 

The repelling cylinder Cr for / is the attracting cylinder for a local 
inverse of /; by remarks just made, different choices of local inverse 
give the same repelling cylinder. 

If P is an attracting petal, we will call the half-open domain 

C A = P\f(P) 

an attracting fundamental crescent, the name reflecting its shape. From 
the requirement that f n converge uniformly to on P, it follows that 
no point of P admits an infinite backward orbit in P. Thus, every 
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point of P lies on an orbit starting in Ca, and distinct points of Ca lie 
on different orbits, so Ca serves as a fundamental domain for the orbits 
which converge to through P. A repelling fundamental crescent Cr 
is defined similarly. 

We note the following standard fact: 

Proposition 2.9. Let h : C* — » C* be an injective holomorphic map. 
Then either h(z) = cz or h(z) = c/z for a non-zero constant c. 

Proof. Such an h is in particular an analytic function with isolated 
singularities at and oo (and nowhere else.) By injectivity, neither 
singularity can be essential, so h extends to a meromorphic mapping of 
the Riemann sphere to itself, i.e. to a rational function. Injectivity on 
the sphere with two points deleted implies that this rational function 
has degree one, i.e., is a Mobius transformation. In particular, the 
extended function maps the sphere bijectively to itself, so either h(Q) = 
0, in which case h(oo) = oo, or h(0) = oo. In the first case, h(z)/z is 
bounded at oo and has a removable singularity at 0, so, by Liouville's 
Theorem, h(z)/z = c. In the case h(0) = oo, applying the above to 
h(l/z) gives h(z) = c/z. 

□ 

A corollary of the above result is a uniqueness statement for Fatou 
coordinates: 

Proposition 2.10. Let P be an attracting petal of f , and let 0i and 02 

be attracting Fatou coordinates on P, i.e., univalent analytic functions 
satisfying <f>i(f(z)) = <fii(z) + 1. Then 02 (2) — (f>i(z) is constant on P. 



Proof. By Proposition |2.8[ 0i and 02 both induce conformal isomor- 
phisms from Ca to C/Z. It will be more convenient to work with with 
the punctured plane C* instead of C/Z. The function 

ixp(z) = exp(27riz) 

induces - again by passage to quotients - a conformal isomorphism from 
C/Z to C*, so ixpc^ and ixpo0 2 both induce conformal isomorphism 
Ca — > C*. Hence, the prescription 

h : exp(2iri(j)i(z))) 1— > exp(27ri02(z)) for all z G P 



defines a conformal isomorphism h : C* — > C*. By Proposition |2.9 
there are two possibilities: 

(1) there is a non-zero constant - which we write as exp(27ric) - so 
that 

exp(27ric) • exp(2iri(j)i(z) = exp(27rz0 2 (-2)) for all z E P 
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or 

(2) there is a constant c so that 

exp(27uc) • exp(— 2711^(2) = exp(27T2</> 2 (z)) for all z G P 
In the first case, 

4> 2 (z) - 0i(^) - c G Z for all z G P. 

But the expression on the left is continuous, and an integer-valued 
continuous function on a connected set must be constant, so 

4>2(z) = <t>\(z) + c + no for all z G P, for some no G Z 

which is what we wanted to prove. 
In the second case, similarly, 

</>2 {z) = —<fii(z) + c + n for all z G P, 

and this contradicts 

Mf(z)) - Mz) = 1 = &(/(*)) - fo r f e p i 

so this case is excluded. □ 

For completeness, let us note how the situation changes if /'(0) is a 
g-th root of unity e 2mp ^ q with q ^ 1. A fixed petal for the iterate f q 
corresponds to a cycle of q petals for /. It thus follows that q divides 
the number n of attracting/repelling directions of as a fixed point of 

2.2. Asymptotic expansion of a Fatou coordinate at infinity. 
We will now specialize to the case q — 1 and n — 1. By rescaling we 



can then bring the coefficient of z 2 to 1, and the normal form (2.2) 
becomes 

(2.5) f{z) = z + z 2 + az 3 + 0{z i ). 

We will say in this case that is a simple parabolic fixed point of /. 
There is one attracting direction (—1) and one repelling direction (+1). 
The change of variables k moving the parabolic point to 00 becomes 
simply 



k(z) = — , k 1 (w) = 



w ' 



and we have 



F(w) = -[f( ) =w + l + - + 0(w- 2 ), with A 

\ w J w 

and F(w) — w is analytic at 00. 
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We showed earlier (Proposition 2.5) that any attracting Fatou coor- 
dinate at infinity $a for such an / satisfies 

$>a(w) = w + o{w) as w — > oo appropriately 

We will prove shortly a much more precise result - an asymptotic ex- 
pansion giving $^4 up to corrections of order w~ n for any n. Before we 
do this, we investigate formal solutions to the functional equation 

$(F(w)) = $(w) + 1 

satisfied by both attracting and repelling Fatou coordinates. 

Proposition 2.11. There is a unique sequence bi,b 2 ,... of complex 
coefficients such that 

OO 

(2.6) $ ps (w) = w-A \og(w) + ^2 b 3 w ~ j 

3=1 

satisfies 

(2.7) $ ps o F(w) = & ps (w) + 1 in the sense of formal power series. 
Furthermore, if we set 



w 



-j 



(2.8) $n(™) := id- A\ogw + y^bj 
then 

(2.9) * n {F(w)) ~ * n M ~ 1 = 0(w^ n+ V 



The logarithm appearing in (2.6) - and all other logarithms in this 
section - are to be understood as the principal branch, i.e., the branch 
with a cut along the negative real axis and real values on the positive 
axis. Because of the logarithmic term, $ ps as written is not exactly 
a formal power series in w^ 1 . To work around this, we rewrite the 
equation <3> ps o F = $ ps + 1 formally as 

oo 

(2.10) F(w) -w-1 - A\og{F(w)/w) = J2 b j ( F (w)~ j - w~ j ) 

3=1 

Since F(w)/w is analytic at oo and takes the value 1 there, log(F(w)/w) 
is analytic at oo and vanishes there. Furthermore, the formal identity 

\og(F(w)) — log(w) = log(F(w)/w) 

holds literally on {—a < Arg(u>) < a, \w\ > R} for sufficiently large R, 
for any a < tt. It is equation (2.10) which we really solve. 
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The left-hand side of (2.10) is analytic at oo, and vanishes to second 
order there: 

F(w)-w-l = -Aw^+Oiw" 2 ) and \og(F(w)/w) = w~ l +0(w~ 2 ) 

Further, F(w)~ 3 —w~~ 3 is analytic at infinity and vanishes to order j + 1 
there, so 

oo 

J^bj (F(w)-' - w-1) 

3=1 

is indeed a formal power series in w~ x which begins with a term in w~ 2 . 
Furthermore, the coefficient of w~ 3 ~ x in the expression on the right in 
(2.10) can be written as 

—jbj + a function of bi, . . . , bj-i 



Thus, since the left-hand side of (2.10) is known, the b/s can be de- 
termined successively, and, by induction on j, they are uniquely deter- 
mined. The assertion about the order of the error term <& n (F(w)) — 
*&n( w ) ~ 1 a l so follows, since 



oo 

E 

j=n+l 



bj (F(w)- j - w~ j ) 



begins with a term in w' 



-(n+2) 



Theorem 2.12. Let b\, b 2 , . . - be as in Proposition 2.11 , and let $^ 
be an attracting Fatou coordinate at infinity. Then, for any n, 

n 

(2.11) $ A (w) =w- A\ogw + C A + bjW- J + 0(\w\- {n+1) ) 
uniformly as w — > oo in any sector —a < Arg(u>) < a with a < tt 



We collect the main estimates needed for the proof of Theorem |2.12 
the following lemma: 



in 



Lemma 2.13. 



(I) ^2\F j (w)\- m = 0(|w|- (m - 1) ) 

3=0 

and 

(II) | (.F^ )'(«;) | is bounded uniformly in j 

both estimates holding uniformly for w — » oo in any sector {—a < 
Arg(w) < a} with a < tt. 
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Proof. We fix an a < it, and we choose an a± with a < ot\ < 7r; it saves 
trouble later if we also require that 7r — oi\ < 7r/6. Next we fix an Rq 
large enough so that 

(2.12) \F(w) - (w + 1)| < sin(7r- a t ) 

holds for \w\ > Rq] then an Ri so that the translated sector 
A(«i, Ri) := {w : — «i < Arg(if — < a{\ 



does not intersect the disk of radius Rq about 0. Then (2.12) holds on 



A(o>i, Ri), so F maps A(«i, Ri) to itself; also, since it — ot.\ < tt/6, we 



also have - again from (2.12) 



(2.13) \F(w) -w - 1| < - onA(a 1;J Ri). 
from which it follows that 

(2.14) Re(F(w) > Re(w) + 1/2 for w G A(a l9 
and also 

(2.15) - (tt - «i) < Arg(F(w) - w) < - a x ) 

We will prove estimates (I) and (II) for w — > oo in A(a±, R\) D {—a < 
Arg(w) < a}; this does what we want since every w with —a < 
Arg(w) < a and sufficiently large modulus is in A(aj, -Ri). 
Changing notation slightly: We want then to estimate 

oo 

for large wo, given that 

— ax < Arg(w; — -R) < «i and — a < Arg(u7 ) < a 

where - crucially - a\ > a. We write 

F^(w ) =: Wj =: Uj + iVj 

In the calculation which follows, we adopt the convention that K de- 
notes some constant depending only on a, ot\ and m. Different in- 
stances of K are not necessarily the same constant. All inequalities 
involving wq are only asserted to hold for \wo\ large enough. 

We first treat the case — 7r/4 < Arg(w ) < tt/4, i.e., \v \ < u . Then, 



by (2.14) 



\wj\ > uj > u +j/2, 
so 

oo oo 

\ w i\~ m ^ + J/2)-" 1 < Ku- {m - l) < K\w \-^; 

j=0 3=0 
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in the last step, we used \v \ < u to estimate u > \w \/\/2. This 
proves the desired estimate in this case. 

There remain the possibilities 7r/4 < Arg(if ) < a and —a < 
Arg(w ) < — 7r/4. The estimates in the two cases are essentially the 
same; for definiteness we assume that the first holds, i.e., that wq is in 



the upper half-plane. By (2.15) the Wj are all contained in the trans- 
lated sector {— (7r — «i) < w — wo < +(tt — «i)}. This sector intersects 
the diagonal line {Re(u') = Im(u>)} in a segment (w_,w + ) (labeled so 
that |u>_| < |u>+|.) It is easy to show, either by elementary geometry 
or by writing explicit formulas, that 

\w-\ > K^\wo\ and |u> + | < fC|iUo|. 

Since Uj + \ > Uj + 1/2, Wj, which start out above the diagonal line, will 
get and stay below it after finitely many steps. Let jo be the first index 
for which Wj is below the diagonal. Using the above upper bound on 
|u> + | we get a bound 

Jo < K\w \ 

The line segment from w JO _i to Wj intersects the diagonal line between 
W- and w+. Since 



\w 



30 



Wj -i\ = l-^Ko-i) - w io _i| < 3/2 



we get 



\wj \ >\w-\- 3/2 > R-^wqI - 3/2 > K~ 1 \wq\ 
By the first case treated 



(2.16) N~™ ^ K \ w jo\~ im ~ 1] \ < K 



w \ 



-(m-l) 



3=30 



All the Wj lie above (or on) the line through wq with direction a\ — it 
(and the origin lies below this line.) Using Arg(wo) < a < a\, the 
distance from this line to the origin satisfies a lower bound i^ _1 |wo|- 
Hence each \wj\ > i^ _1 |wo|. Since jo < K\wo\, 

jo -l 

N"™ ^ 3o ■ (K-'lwoiy™ < (K\w \) ■ (K m \w \~ m ) < K\w Q \-^ 

j=0 

Combining this estimate on the sum of the first jo terms with the 



estimate (|2.16|) on the sum of the rest gives 

-(m-l) 



£i**' 



wo)\- m <K\w \ 



j=0 



PARABOLIC RENORMALIZATION 19 

(for sufficiently large |u>o|), so (I) is established. (II) follows easily from 
(I) together with the estimate 

F'(w) = l + 0(\w\- 2 ), 

the chain rule, and standard manipulations for reducing estimates on 
products to estimates on sums. 

□ 



Proof of Theorem 2.12 . Let n/2 < a < tt. By an argument already 
used several times, we can choose R sufficiently large so that 

\F(w) —w — l\ < sm(n - a) and Re(F(w) > Rew + 1/2 

for all w G A(a,R) := {—a < Arg(w — R) < a) As usual, it follows 
from the first of these inequalities that F(A(a, R)) C A(a, R). We are 
going to prove 

$a{w) = $ n [w) + 0(\w\~ (n+1) ) as w -)> oo in A(a, R) 

(where $ n is defined by (2.7)); this assertion for all a implies the as- 
sertion of the theorem for all a. 
We set 

c n (w) := $ A (w) - <$> n (w) and u n (w) := $ n o F(w) - $ n (w) - I. 



By Proposition 2.11, u n is analytic at infinity with 
(2.17) u n {w) = d n+2 w-( n+ V + ■ ■ ■ . 

A simple calculation gives 

c n o F(w) = c n (w) - u n (w); 

iterating gives 

k-i 

C n O F k (w) = C n (w) - ^ U n (F j (w) ) J 

3=0 

reorganizing and differentiating gives 
fe-i 

(2-18) c' n (w) = ^<(F J H) ■ (Fn'(w) + c' n (F k (w)) ■ (F k )'(w). 

3=0 

By differentiating ( |2.17| ) 

u ' n (w) = 0{\w\- (n+3) ) as w oo, 
so, by Lemma 2.13[ 

oo 

J2K(F j (w))-(Fi)'(w)\<oo 

3=0 
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By Proposition 2.5 



^'a( w ) ~ * 1 as Re(iy) — > +oo, 
and the same is true for $ n by an elementary calculation; hence 

c' n (w) —7-0 as Re(to) — > +oo. 
Thus, we can let k — > oo in ( [2. 18] ) to get 

oo 

c>) = E<( Fi M)-( F ')'H 

i=o 



Applying both parts of Lemma 2.13 to this representation, 
(2.19) |c;(«;)| < const \w\~ {n+2) 

for all w G A(a,R). It follows from this estimate that the limit 

lim c n {u + iv) 

u— >oo 

exists and is independent of v. We denote this limit by Ca- Then 

/■oo 

c n {u + iv ) = Ca — / c' n (a + iv)da, 



so by integrating (2.19) we get 

\c n {w)-C A \ < const H -(n+1) 
for all w G A(a,i2), which is what we set out to prove. 

□ 

2.3. Ecalle-Voronin invariants and definition of parabolic renor- 
malization. The Riemann surface C/Z has two punctures at the up- 
per end (Imz — > +oo), and at the lower end (Imz — > — oo). Filling 
them with points © and respectively, we obtain the Riemann sphere. 
The mapping 

vxp(z) = exp(2niz), 

conformally transforms C/Z y C*, sending © — > and — > oo. 

Consider / with a simple parabolic fixed point. The intersection 
Pr fl Pa projects to a pair of "polar caps" : open regions W + 3 © and 
W~ 3 in the repelling cylinder Cr. Consider the pair of analytic 
maps 

h : W + U W~ -> Ca, given by h = <p A ° 



The asymptotics in Lemma 2.13 implies that 

\mh(w) — > ±oo when Imu> — > ±oo. 
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Thus both singularities ©, are removable for h. It is easier to discuss 
this on the Riemann sphere, so let us denote 

H = ixp oh o ixp^ 1 = ixp o(f) A o <fi^ o ixp -1 . 

This is an analytic mapping in ixp(W + U W~) which has removable 
singularities at and oo. The germ of H(z) at and oo is not uniquely 
defined, of course, as there is some freedom in the definition of Fatou 



coordinates. By Proposition 2.10, h(w) is defined up to a pre- and 



post-composition with translations. Thus, H(w) may be replaced with 
cH(dw) for some c,d G C*. It is elementary to see that the product 
H'(0) ■ H'(oc) is independent of the choice of the Fatou coordinates. In 
fact, a calculation (see |BE] ) shows that: 

Proposition 2.14. The quantity 

H'(0) ■ H'(oo) = e 47T ' A , where A — I - a, as before. 

Proof. Let us write the two-term asymptotic developments for the at- 
tracting and repelling Fatou coordinates respectively as: 



= w — A\og A (w) + const^ + O 



g R (w) = w - Alog R (w) + const H + O 



1 

\w\ 
1 

\w\ 



where log^ and log^ denote the corresponding branches of the log. 
Since we are free to choose both the constants and the logs without 
changing the value of the product H'(0) ■ H'(oo), let us do this as 
follows. We set const^ = const^ = 0. For log R we select the branch of 
the log in C \M+ which takes the value iir at —1; for log A we select the 
branch defined in C \ IR_ with log j4 (l) = 0. Now, 

lim Qa{w) - 9r{w) = -2niA, and lim 9a{w) - gn{w) = 0. 
Exponentiating, we get 

H'(0) ■ H'(oo) = e^ A . 

□ 



Let us use the notation Hf(z) to denote the pair of analytic germs 
H(z) at z = and z = oo for a given parabolic germ f(z) = z+z 2 + - ■ ■ . 
The following theorem is due to Voronin |Vorj (an equivalent version 
was proved by Ecalle |Ecj ) : 
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Theorem 2.15. Two analytic germs f(z), g(z) of the form (2.5) are 
conjugated by a local conformal change of coordinates <p(z) with ip(0) = 
if and only if 

(2.20) H f (z) = cH g (dz) for c, d G C*. 

Sketch of proof. Denote the objects corresponding to one of the maps 
/, g by a corresponding superscript: C A , <p A , etc. To prove the "only 
if" direction, consider a topological disk U 3 in which the conformal 
conjugacy <p is defined. Let p| U P f R be a pair of attracting/repelling 
petals contained in U. Then P 9 A = ip(P A ), P R = p(Pji) form a Leau- 
Fatou flower for g. As a conjugacy, p> maps orbits of / to orbits of g, 
and hence induces conformal mappings 

ip A : C f A -> C^, and fi R : -)■ C|. 

By Liouville's Theorem, these mappings are translations. Under the 
conformal isomorphism ixp : C/Z — > C, they become complex multi- 
plications 

MC) = a d and 0r(O = K- 
Since (p o / o = g, we have 

=<p A oH f o <p R ( z ) = aH f (z/b). 



Conversely, starting with the equation (2.20) let us normalize the 
Fatou coordinates for / and g so that 

(2.21) H t ee H g . 

We can define a conjugacy p> between / and g by setting it equa l to 
° 0a i n an d to (0fj.) _1 o <p R in Pp. The equation (2.21) the 



two definitions coincide in the intersection P A n P^. □ 

Therefore, the conformal conjugacy classes of parabolic germs of the 
form (2.5) are completely determined by the pair of analytic germs £f. 



The latter can, in fact, be selected arbitrarily: 

Theorem 2.16. Let H(z) be any pair of analytic germs defined at 
and at oo, with P'(0)P'(oo) ^ 0. Then there exists a simple parabolic 
germ f{z) of the form 

f{z) = z + z 2 + az 3 + ■ ■ ■ , 

for which 

H f = H. 

Moreover, 

P'(0)P'(oo) = e ^ 2{1 - a \ 



PARABOLIC RENORMALIZATION 



23 



We leave out the proof; it can be obtained, for instance, using a qua- 
siconformal surgery construction and Measurable Riemann Mapping 
Theorem. 

We will now make several key definitions. 



Definition 2.2. We say that a parabolic germ f(z) of the form (2.2) is 
renormalizable if there exists a (necessarily unique)choice of non-zero 
constants c and d such that 

£f = cH f (dz) = z + z 2 H 

near the origin. 

That is, for a renormalizable map /, there is a choice of normalization 
of the Fatou coordinates, which makes the point for Hf(z) a simple 
parabolic fixed point. 



Definition 2.3. For a renormalizable germ f(z) as in (2.5) we will call 
the analytic germ of Sf at z = the parabolic renormalization of /. 
We will use the notation V(f) for the parabolic renormalization. 

For the appropriately normalized choice of 4>a and 4>r we thus have: 

(2.22) V(f) = ixp o(J) A o (fa)" 1 o ixp-\ 

with suitably selected branches of the inverses. 



3. Global theory 

3.1. Basic facts about branched coverings. We give a brief sum- 
mary of relevant facts about analytic branched coverings. A more de- 
tailed exposition is found e.g. in the Appendix E of [Mill] , 

For a holomorphic map / : X — > Y between two Riemann surfaces 
a regular value is a point y G Y for which one can find an open neigh- 
borhood U — U(y) such that 

is a covering map. The complement of this set consists of the singular 
values of /, and will be denoted Sing(/). 

By definition, y e Y is an asymptotic value of / if there exists a 
parametrized path 

7 : (0, 1) -> X, such that lim fh(t)) = y, 

inl- 
and such that lim t _ >1 _ j(t) does not exist in X. We will be concerned 
with the situation when X is a proper subdomain of the Riemann 
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sphere. In this case, the non-existence of the limit can be replaced 
with: 



We will denote Asym(/) C Y the set of all asymptotic values of /. 

Recall that yo G Y is called a critical value (or a ramified point) of / 
if there exists xq G X such that = f{%o), and the local degree of / 
at xq is n > 2. Thus, in local coordinates, one has 



The point Xq is called a critical point of / (or a ramification point). We 
denote Crit(/) C X the set of the critical points of /. One then has: 

Proposition 3.1. For a holomorphic map f : X — >■ F between Rie- 
mann surfaces, 



that is, the set of the singular values of f is the closure of the union of 
its asymptotic and critical values. 

Recall that a non-constant map g : Si — >■ Si between two Hausdorff 
topological spaces is called proper if the preimage of every compact set 
of S2 is compact in S±. It is easy to see that: 

Proposition 3.2. Let f : X — >■ Y be a proper holomorphic map of 
Riemann surfaces. Let W be a non-empty connnected open subset of 
Y, and let V be a connected component of f~ l {W). Then f : V — )■ W 
is also proper. 

For a holomorphic map / : X — >■ Y define the degree of / at y G 
Y (denoted deg J/ (/)) as the possibly infinite sum of the number of 
preimages of y in X, counted with multiplicity. It is not difficult to see 
that a proper analytic map has a well-defined local degree: 

Proposition 3.3. If f : X — >■ Y is a proper analytic map between 
Riemann surfaces, and Y is connected, then deg y (f) is finite and in- 
dependent of y (and can be denoted as deg(f)). 

As a consequence, note: 

Proposition 3.4. If f : X — >■ Y is a proper analytic map between 
Riemann surfaces, and Y is connected, then f(X) = Y . 

Proposition 3.5. Let g : Si — >■ S2 be a proper continuous map be- 
tween Hausdorff topological spaces which is everywhere a local homeo- 
morphism. Then f is a covering map. 




f(x) — yo = c(x — x ) n + ■ ■ ■ where n > 2. 



Sing(/)=Asym(/)U/(Crit(/)); 
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In particular, putting together Proposition 3^3 and Proposition 3J3 we 
have 

Proposition 3.6. Let f : X —>Y be a proper analytic mapping between 
Riemann surfaces. Let Y be connected, and set d = deg(/). Then 

f : X \ Crit(/) Y \ /(Crit(/)) 

is a degree d covering. 

In view of the above, a proper analytic map is sometimes called a 
branched covering of a finite degree. Generalizing to the case when 
local degree is infinite gives the following definition: 

Definition 3.1. A holomorphic map / : X — > Y between Riemann 
surfaces is a branched covering if every point y £ Y has a connected 
neighborhood U = U(y) such that the restriction of / to each connected 
component of / -1 (£/) is a proper map. 

As a canonical example, consider the case X = Y = C. Non-constant 
rational maps / are clearly branched coverings; and every branched 
covering is, in fact, a rational map. 

Let us formulate another general lemma which we will find useful: 

Lemma 3.7. Let f : U — >■ V be a proper analytic map between con- 
nected subdomains of C. Assume that f has a single critical value 
v G V , and that V is a topological disk. Then U is also a topological 
disk, and f has only one critical point u in U, such that f~ x {v ) = {u}. 



Proof. Set V = V \ {v} and U = / _1 (V"). By Proposition 3.6, the map 
/:[/—>■ V is a covering. The domain V is homeomorphic to D \ {0}. 
By the standard facts about coverings of D \ {0}, the domain U is also 
homeomorphic to the punctured disk. Moreover, denoting 7]y and 77^ 
conformal homeomorphisms mapping D \ {0} to V and U respectively, 
we see that 

r]y(f(z)) = const • for d > 2. 

□ 

3.2. Parabolic renormalization of the quadratic map. As a key 

example, consider the quadratic polynomial 

fo(z) = z H> z + z 2 . 

By the Fatou- Sullivan Classification, the filled Julia set K(f ) coincides 
with the closure of the basin of 0: 



K(fo) = {z\ f n {z) -+ 0}. 
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Through the functional equation 

Mfo(z)) = <t> A {z) + 1, 
the attracting Fatou coordinate extends to a map 

A : K(f ) C. 
It is straightforward to show that (cf. |Do2j ): 

Proposition 3.8. The map A : K(f ) — > C is a branched covering. 
The critical points of <pA are the preimages of the critical value —1/4 
off,: 

Grit(0 A ) = U n >i/ - n (-l/4). 

All of them have local degree 2, and their images are integer translates 
of each other: 

A (Cni(0 A )) = {0 yl (-l/4) + Z}. 
Note that the closure 



(3.1) Crit(0 A ) = Crit(0 A ) U J(f ). 

We prove the following: 

Theorem 3.9. The germs Hf at and oo have maximal analytic 
continuations to the two Jordan domains W + C C and W~ C C re- 
spectively. These domains are the two connected components of the 
set 

w = ixp o4> R {K{f ) n Pr) U {0, OO}. 

Definition 3.2. Let g : U — > C be an analytic map of an open (not 
necessarily connected) domain U. Suppose g has a maximal analytic 
continuation to a domain W D U. We will write W = Dom(g). 



Thus Dom(H fo ) = W + UW~ (see Figure |5.3[). 
Theorem 13.91 relies on a well-known folklore result: 

Theorem 3.10. The Julia set of the quadratic polynomial fo(z) = 
z + z 2 is a Jordan curve. The dynamics of fo restricted to the Julia 
set is topologically conjugated to the angle- doubling map of the circle. 
Specifically, there exists a unique continuous map p : J(/o) — > T such 
that 

p(f (z)) = 2p(z)modl. 



In the next subsection we will provide a proof of Theorem 3.10 



while it is fairly standard, the strategy used in it will be useful to us 



in what follows. Let us proceed with proving Theorem 3.9, assuming 
Theorem 13.101 
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Proof of Theorem 3.S\ Standard considerations of Montel's Theorem 



imply that the topological disk Bq = K(fo) is the basin of the parabolic 
fixed point 0. Thus, an orbit of a point z e B eventually enters an 
attracting petal Pa- On the other hand, the orbit of a point zq e C\Bq 
converges to oo, and hence 

Dom(# /o ) = ixp o<f> R (K(f Q ) n P R ) U {0, oo} = W. 

Consider the unique real-analytic conformal map ip which sends B to 
the slit domain 

W ~C\(R> U{oo}), 

so that 

ip(-l/2) = -1 and lim ip(x) = 0. 

x— >0— and x£R 

By Caratheodory Theorem, has a continuous extension to the bound- 
ary: 

J(/o) -> M> U {oo} C C. 
By real symmetry, the map 

h = i) o f o : W ->■ 

extends continuously, and hence, holomorphically, to C. The quadratic 
rational map ft has a parabolic fixed point at the origin: this follows 
from the fact that on the real axis, is attracting for h in the negative 
direction, and repelling in the positive one. It is not difficult to verify 
that 

(3.2) h{z) = 7 



2 ' 



(z-1) 

The conformal conjugacy ip induces conformal isomorphisms between 
spaces of orbits: 

C f A ° -> C\, and 

Dom(# /o ) = W -)> Dom(i/ h ) = ixp o0^(P^ n W) U {0, oo}. 
The Julia set 

J(/i) = M> . 

By Montel's Theorem, every open set U fl lR>o ^ contains preimages 
of all points in C, except at most two. Hence, cannot be analytically 
extended across the "equator" 

ixpo^(R >0 ). 

Thus, by considerations of real symmetry, Dom(i^) is a union of disks 
around and oo. 

This implies that the domain W is a union of two topological disks 
W + and W~ , whose boundaries lie in the projection ixpo^( J(/ )). 
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Suppose that one of the boundaries is not a Jordan curve; to fi x the 



ideas, assume that it is L = dW + . In view of Theorem 3.10 L is 
locally connected; in view of the above, it is also connected. In view of 
Caratheodory theory, there is a point w G L, which is bi-accessible from 
W + . Let z G J(fo) be a point with ixpo^(z) = w. The map ixp 
is a local homeomorphism at z, hence the point z is bi-accessible from 



the parabolic basin of fo- This contradicts Theorem 3.10 and the proof 



is thus completed. □ 



We now proceed with the proof of Theorem 3.10 



3.3. The Julia set of fo(z) = z + z 2 is a Jordan curve. We begin 
by defining several useful local inverse branches of f , by choosing the 
appropriate branches of the square root in the formal expression 

(3.3) fo 1 M = 1/4 -1/2. 

We first cut the plane along the positive real ray R = [—1/4, +oo) and 
denote 

go : C \ R H 

the inverse branch with non- negative imaginary part. Similarly, we 
define 

gx : C \ R -+ -M 

to be the inverse branch with negative imaginary part, so that g\ = 
-9o- 

Finally, we define an inverse branch g which fixes the parabolic point 
z = 0. We slit the plane along the ray (— oo, — 1/4], and select the 



branch of the square root in (3.3) with non-negative real part. In this 

way, we get 

g:C\ (-oo, -1/4] -> {Rez > -1/2}. 

We note that Taylor expansion of g at w = begins with w — w 2 + • • • , 
and thus it also has a parabolic fixed point at the origin. 

When needed, we will continuosly extend the three iverse branches 
defined above to the banks of the slits. 

We note, that 

Proposition 3.11. The branch g maps C \ (— oo, 0] into itself. 

Applying Denjoy-Wolf Theorem, we obtain 

Corollary 3.12. The successive iterates (g) n converge uniformly to the 
parabolic point on compact subsets ofC\ (— oo,0]. 

Let us note: 



PARABOLIC RENORMALIZATION 29 

Proposition 3.13. The intersection 

j(/ )nR = {-i,o}. 

Proof. Indeed, if x > then 

f(x) = x + x 2 > x, and, furthermore, f n (x) > x + nx 2 — > oo, 

and hence (0, oo) c F(f ). Since 

/ ((-oo,-l)) = (0,oo), 

the same holds for (— oo, — 1). Finally, /o maps the interval (—1,0) 
to itself and fo(x) > x for x in this interval, so f$(x) — > 0. Hence, 
(—1,0) C F(f) as well, as claimed. □ 

Define 

A := {z : 1/2 < \z + 1/2| < 2}. 
We invite the reader to verify: 

Proposition 3.14. 

(1) G A, i/ien z6 A, i.e., / ( f 1 A C A. 

(2) J(/o) is contained in the closure A of A. 



To prove Theorem 3.10, we are going to show that /o" n A are a de- 
creasing sequence of topological annuli which shrink down to a Jor- 
dan curve J. Points inside J are attracted to the parabolic point; 
those outside are attracted to oo. Thus, the Jordan curve J contains 
the Julia set. The restriction of f to J is topologically conjugate to 
i — y 2 • #modl on the circle K/Z. In particular, periodic points are 
dense in J, so the Julia set is the whole of J. 

Set 

A := {z E A : Imz > 0} and A 1 := {z G A : Imz < 0} 
If i Q ii . . . i n is an arbitrary sequence of n + 1 0's and l's, we define 
A ioil ... in := {2; G A : P(z) G A*, for 1 < j < n} 

It follows from the definitions that 

• A ioh „ An is decreasing in n: A io „ An C A^,...^^; 

• A,,,....,. = //, ;: A, and hence 

A ioh .. An = g io o g h o • • • o ^ in _ 1 A in , 
or, more generally, 
A ioh ... in = g io o gil o • - • o //,, : A,i,., J( , for 1 < j < n - 1. 



30 OSCAR LANFORD III, MICHAEL YAMPOLSKY 

The main step in the argument is to show that the diameters of the 
puzzle pieces A^...^ go to zero as n — > oo, uniformly in i ii...i n . 
More precisely, let us define 

p n := sup {diam(A io ... in ) : i . . . i n G {0, l} n+1 } 

Since Aj ...j n D Aj ... in+1 , the sequence p n is non-increasing in n, so 

(3.4) p* := lim p„ 

n— >oo 

exists. 

We will prove the following: 
Proposition 3.15. The limit p* = 0. 

Before proving the Proposition, let us formulate a helpful Lemma: 

Lemma 3.16. There is an infinite sequence ioix . . . % n . . . so that 

diam(A ioil ... in ) > for all n, 

i.e., a descending chain of puzzle pieces whose diameters do not go to 
zero. 



Proof of Lemma 3.16 , A simple diagonal argument implies the exis- 
tence of a sequence zo^i . . . %k ■ ■ ■ such that, for all k, 

lim sup {diam(A i0i ... ifci . . . i k+n ) : i k+1 . . . i k+n G {0, 1}™} > p* 

Using the fact that diam(A io j 1 ...j n ) is non-increasing in n, we get 

diam(A ioil ...iJ > p* for all k, 
proving the lemma. □ 



Proof of Proposition 3.15 Let us assume the contrary: p* > 0. 

We fix a sequence • • • as in the Lemma 3.16, and we split the 
proof into three cases: 

(1) ij is eventually 0; 

(2) ij is eventually 1; 

(3) neither of the above holds. 

We start with case (3). There are then infinitely many j's so that 

ij = and ij + i = 1 
Let jk be a strictly increasing sequence of such j's. Then, for each k, 

f-h ■= 9i ° 9h ° ■ ■ ■ ° 9i Jk -i 

is an analytic branch of the inverse of f^ k mapping A i bijectively to 
Aj ...j jfc+1 . The closure of A i does not intersect the postcritical set of 
f . The following argument is standard (see |Lyu| , Proposition 1.10). 
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We let U be an simply connected open neighborhood of A 01 dis- 
joint from the postcritical set. Then each f-j^s extends to an analytic 
branch of the inverse of f^ k defined on U (and we denote this extension 
also by f_ jh ). 

By Montel's Theorem, there is a subsequence of (jk) along which f_j k 
converges uniformly on compact subsets of U in the spherical metric on 
C. By adjusting the notation, we can assume that the sequence (f-j h ) 
itself converges to an analytic function which we denote h. Since 

diam(/_ jfc A i) = diam(A io ... iife+1 ) 

does not go to zero as k — > oo, the function h is non-constant. 

Let zo ■= go(gi(—l)) G A i fl J(fo). By invarince of the Julia set, 
we have wo = h(z ) G J(fo). Since h is non-constant, h(A i) contains 
an open neighborhood W of wq. Let V (s W be a smaller open neigh- 
borhood of Wq . Then, an arbitrary large iterate /q* maps V inside U, 
which contradicts Montel's theorem. 

We turn next to case 1 above, and deal first with the situation ij = 
for all j. We write temporarily 

A (fl) := A^^ = (^o) n - 2 A o 

n terms 

Now g maps A o into itself, and g = g on A 00 , so we can write 

A (B) = G?) n ~ 2 A 00 . 



By Corollary 3.12 and local properties of parabolic dynamics near 0, 



(g) n — > uniformly on A 



oo • 



so 



diam(A^) as n — > oo. 

Next consider sequences of the form i ii ■ ■ ■ i k 00 • • • , and use the 
formula 

A i ...i fc • • • = ° £n ° ■ ■ ■ ° £i^ (n) - 



The mapping o g ix o ■ ■ ■ o g ik extends to be continuous on A o, and 
diam(AW) — y by what we just proved, so 

diam(A io ifc Q. . . q) — y as n — > oo. 

n terms 

A similar argument, using g\ = g on An shows that 
diam(A io ifc ^ . . . j_) — y as n — > oo. 

n terms 

□ 
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Let i = (ij)jLo be a finite or infinite sequence (N < oo) of O's and 
l's. We interpret it as a binary representation of a number in [0, 1]: 

N 

i 2 = ^^ e [o,i]. 

j=0 

For any such dyadic sequence, 



Aj D Ajqjj D • • • D Aj ...j n D . . . 

is a nested sequence of compact sets in C with diameter going to 0, so 
its intersection contains exactly one point, which we denote by z(i). 
It is immediate from the construction that i h- > z(i) is continuous 
from {0, 1} Z to C. It is not injective, however, this ambiguity is easily 
tractable: 

Lemma 3.17. Suppose i = i ii . . . i n _i and i' = i'^ . . . i' n _ x are two 
finite dyadic sequences of an equal length, and 

A[n 0. 

Then either i 2 = i/ 2 , or i 2 = f 2 ± 2~ n . 

The proof is a straightforward induction in n, and is left to the 
reader. 

As a corollary, we get: 

Corollary 3.18. Let i and i' be two infinite dyadic sequences. If If 
i 2 7^ i^ 2 , then Aj ...j n and A^...^ are disjoint for large enough n 

Proof. For any i = z'o • • • i n ■ ■ ■ , and any n 

lia - io---i n -u \ ^ 2 ~" 
so, if n is large enough so that 

\i 2 -l 2 \ >3x2- n , 

then 

„•' I ^ Q — ft 



which by Lemma 3.17 implies that A» ...i tl _ 1 and A^...j^_ i are disjoint 
as asserted. 



□ 



Putting together what we know about the map i h-> z(i), we finally 
obtain: 

Proposition 3.19. X7ie angles i 2 = f 2 z/ and only if z(i) = z(i'). 
Hence there is a function 9 i— > z(6) from the circle K/Z to C so that 
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The function z{.) is continuous, bijective, and maps the circle onto 

j = n n (/ -"A). 

We recall a well-known topological fact: 

Theorem 3.20. A continuous bisection from a compact to a Hausdorff 
topological space is, in fact, a homeomorphism. 

As a corollary, we have: 

Corollary 3.21. The set J is a Jordan curve. 

Note that 

jDu n > r n (o), 

and hence J D J(fo). By construction, we have: 

Proposition 3.22. The map i 2 > z(i) is a conjugacy between 9 i— > 20 
and fo(z): 

f (z(i))=z(2.i_ 2 ). 
Hence, periodic orbits of /o are dense in J. Thus 

J=J(fo), 



and the proof of Theorem 3.10 is completed. 
3.4. Covering properties of Hf . We show: 
Theorem 3.23. The singular values of Hf are 

Sin g(#/o) = {0,oo, w}, 

where v = ixp o0 j4 (— 1/4). The points and oo are asymptotic values 
of Hf : there exists a path 

7 [0, 1) ^ W + with 7 (t) dW + and f (j(t)) 80, 
and similarly for oo. 
Proof. Verifying that 

if /0 (Crit(F /0 )) = {«} 

is straightforward from the covering properties of the Fatou coordinate 
4>a, and is left to the reader. 

To fix the ideas, we show that the asymptotic values of the restriction 
Hf \^r + are {0, oo}; the argument for Hf \^- is identical. To simplify 
geometric considerations, let us invoke Proposition 3.25 , and present 
the proof for H = on a neighborhood of 0; normalized so that 
H'(0) = 1 and the domain of analyticity of H consists of the unit disk 
D and C \ D. 
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We demonstrate that 

Asym(#) = {0, oo}. 

Consider an attracting petal P for h which is bounded by a curve 7, 
which becomes a vertical line in Fatou coordinate such that the 
critical value 

-1/4 g C = P\h(P). 

It is easy to see that the second preimage h~ 2 {j) consists of a curve 
71 C H connecting the points and 1, and 72 which does the same in 
the lower half-plane. 

It is evident that {0,oo} C Asym(if). Indeed, for small enough 
e > the projection of 71 fl D e (l) by ixpo0^, is a simple curve in D 
whose image under H lands at 0; similarly 72 yields a curve whose 
image under H lands at 00. 

Now let 

r : [0, 1) ->• D = Dom(H) 
be a curve such that r(t) converges to the unit circle T as t — > 1 — . Let 

f: [0,1) CC\1>„ 

be a component of its lift under ixp o0^, parametrized so that 

(3.5) f(t) ->■ R> as t ->■ 1 - . 

Let C be a connected component of h n (C) for n G Z. We will say 
that the curve f crosses C if there exist ti 7^ t 2 G (0, 1) and n G Z 
such that 

f : (t!,t 2 ) ^ C", /i n (r(ti)) G 7, and /i n (f(* 2 )) G /i( 7 ). 

Note that every time f crosses some C, the image H(t) winds once 
around the cylinder C/Z ~ C \ {0, 00}. Hence, we have the following 
two possibilities: 

(1) f crosses finitely many connected components of U nG ^h n (C); 

(2) \im t ^_ H(r(t)) G {0,oo}. 

In case (2), we are done. 

Standard considerations of dynamics on J(h) imply that for every 
x G IR>o which is not a preimage of 0, there exists an infinite sequence 
of cross-cuts Ik = h~ nk {ji) for some choice of the inverse branch and 
% — 1,2 such that denoting N k the cross-cut neighborhood of Ik in 
C \ R> , we have 

Nk~ HM 3 {x}. 
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In view of (1) and (2) this implies that x cannot be accumulated by 
f. Since points x as above form a dense set on M>o, we see that there 
exists a limit 

s = lim f(f) and s G Uh~ n (0). 
t->i- 

In view of (1), this implies that 

lim H(r(t)) G {0,oo}. 

□ 

3.5. Parabolic renormalization of f . We now have: 

Proposition 3.24. The maps f and h are both renormalizable. 

Proof. The arguments are identical, so we only argue for / . Let us 
replace Hf by cHf if needed so that Hj q (0) = 1. We have to show 
that the coefficient a in the Taylor expansion 

Hf (z) = z + az 2 H 

is not equal to 0, or, in other words, that z = is a simple parabolic 
point of Hf Q . Let Pq be an attracting petal of z — 0. For n > 1 
denote P_„ the component of the preimage (/Jj ) _1 (P_(„_ 1 )) which 
contains P_( n _i). We claim that there exists n such that P_„ contains 
the unique critical value f of P/ . Assume the contrary. Then for every 
n the domain P_ n is a topological disk. Denote 

B = UP_„ C 

The Fatou coordinate 0^ of Hf extends to all of B via the functional 
equation 

(j) A o P/ (^) = 4>a{z) + 1 

as an unbranched analytic map. It is trivial to see that its image is the 
whole complex plane C, and hence U must be a parabolic domain. This 
is impossible, however, as U is a subset of a Jordan domain W + C C. 

Now assume that a = 0. Then the parabolic point z = has at least 
two distinct attracting directions Vi,v% G S 1 . Consider corresponding 
attracting petals P\C\P\ = 0. As we have shown above, the critical 
value v must be contained in the intersection of their preimages. This 
leads to a contradiction, as in this case 

limF; o (,)/|^(,)|=, 1= ,, 

□ 



Let us make a note: 




Figure 1. The preimages of the real axis for the map h. 

Proposition 3.25. Denote H = Hh normalized so that 

H : D C. 

There exist v ^ and 9 e R suc/i i/iai 

F = P(/ ) = v-Ho ifj(e 2ni9 z) } where t/j : D -> 
zs £/&e conformal Riemann mapping, which satisfies ip(0) = 0, ^'(0) > 0. 
We now turn to the dynamics of the parabolic renormalization 

F = V(f ) :W + ^C. 

Definition 3.3. The points z G W + whose orbits do not escape W + 
form the filled Julia set K(F). Its boundary J(F) is the Julia set. 

Lavaurs |Lavj has shown that 
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Theorem 3.26 ( |Lavj ). The interior of the filled Julia set K{F) coin- 
cides with the basin of the parabolic point 0. Repelling periodic orbits 
of F are contained in J(F) and are dense in J(F). 

Let P° = Pa be an attracting petal of F. For n G N induc- 
tively define P~~ n to be the connected component of the inverse image 
F -i(p-(n-i)) which contains p-(n-i)_ The 

same considerations as in 



the proof of Proposition 3.24 imply: 



Proposition 3.27. There exists n e N such that P n is a topological 
disk which contains v in its closure. 

3.6. A note on the general theory for analytic maps of fi- 
nite type. As the previous example clearly demonstrates, when / has 
global covering properties, we can expect the Ecale-Voronin map Sf to 
also possess a well-understood global covering structure. The appro- 
priate setting for a global structure theory for Ecalle-Voronin maps is 
that of analytic maps of finite type, developed in A. Epstein's thesis 
|Ep| . While we will not need these results in our investigation, we will 
briefly mention some of them below for the sake of completeness of the 
exposition. 

Definition 3.4 ( |Ep| ). Let / : W — > X be an analytic map between 
two Riemann surfaces. Assume further that X is compact, and W lies 
in some compact surface Y . Suppose that / is nowhere constant, and 
that every isolated singularity of / is essential. We say that / is a map 
of finite type if Sing(/) is a finite set. 

Rational endomorphisms / : C — > C are obviously maps of finite 
type. Epstein demonstrated: 



Theorem 3.28. |Ep| // an analytic map f with a parabolic cycle is of 
finite type, then the corresponding Ecalle-Voronin maps Sf : Wf —> C 
inherit the same property. 

Epstein further showed that the familiar properties, such as density 
of repelling periodic points and topological minimality, hold for Julia 
sets of analytic dynamical systems of finite type. Most importantly, 
he proved that the Fatou-Sullivan structure theory holds for the Fatou 
sets of such dynamical systems: 

Theorem 3.29. |Ep| Every connected component of the Fatou set of 
a map of finite type is pre-periodic. All periodic Fatou components are 
either basins (attracting or parabolic) , or rotation domains (Siegel disks 
or Herman rings). 
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4. A CLASS OF ANALYTIC MAPPINGS INVARIANT UNDER V 

4.1. Definition of P. We will now specialize to a much narrower class 
of analytic maps with parabolic orbits. As before, we write 

f (z) = z + z 2 , 

and we set 

F = V(f ) and W F = Dom(P(/ )). 

Definition 4.1. We will denote P the class of analytic germs f(z) at 
the origin which have maximal analytic extensions 

/ : Dom(/) -> C 

such that 

(I) Dom(/) is a Jordan domain; 
(II) Denoting tpf the Riemann mapping 

cp f : D -»■ Dom(/), with ^(0) = and ^(0) > 0, 

we have 

/ o <p f ( z ) = v ■ F o ip F (e 2ni9 z), for v ^ 0, 6 G E. 

Note that denoting c and c F the unique critical values of / and 
F = V(fo) respectively, we get the rescaling factor as v = c/c F . 



If we again let H = if^ for given by (3.2) normalized so that its 
maximal analytic extension about the origin has domain D, then, by 
Proposition 3.25, the property (II) in the above definition is equivalent 
to 

(IF) Denoting (pf the Riemann mapping 

<p f : D ->■ Dom(/), with ^(0) = and ^(0) > 0, 
we have 

fo<p f (z)=v- H(e 2nie z), for v ^ 0, 6 G R. 

We note: 

Proposition 4.1. For all f EP we have f"(0) ^ 0. 

Proof. Suppose /"(0) = 0. By multiplying by a non-zero constant, if 
necessary, we may reduce the proof to the case when /'(0) = 1, so that 
f(z) = z + az n + ■ ■ • for n > 2. A Leau-Fatou flower of / has n — 1 > 2 
attracting petals. Since / has a single critical value c/, there exists an 
ample petal Pa such that 

Pa n u feeN fV) = 0- 
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Let 4>a be an attracting Fatou coordinate defined on Pa- Set Po = Pa 
and inductively define P_„ as the component of the preimage / _1 (P_(„_i)) 
which contains P_( n _i) for n G N. The function <pA analytically extends 
via the functional equation 

<pA O f(z) = <f) A (z) + 1 

to the union 

U = UP_ n C Dom(/). 
A simple induction shows that <pA is univalent on P_ n , and hence on 
all of U. On the other hand, 4>a{U) = C, which is impossible since U 
is a hyperbolic domain. □ 

Definition 4.2. We define P as the set of maps / 6 P of the form 

f(z)=z + z 2 + ... 

at the origin. 

Since F = V(fo) G P, we have 
Proposition 4.2. T/ie class P zs non-empty. 
We now set out to prove the following theorem: 

Theorem 4.3. Every f G P is renormalizable, and the parabolic renor- 
malization V(f) G P. 

Let / G P and let Po be an attracting petal of the parabolic point 
z = 0. For n > 1 let P_ n be the component of / _1 (P-( n -i)) which 
contains P_(„_i). We let 

and call it the immediate basin of 0. We note: 

Proposition 4.4. For f G P the unique critical value c f G Bq. More- 
over, there exists an attracting petal Pa C Bq which is a topological 
disk containing c? in its interior. 

Proof. Assume that v Pq • The attracting Fatou coordinate (f> A ex- 
tends from P to the whole of Pq via the functional equation 

<P{ O f(z) = <P f A {z) + 1. 

A simple induction shows that P_ n is an increasing sequence of topo- 
logical disks, on each of which <pA is univalent. Hence, <pA restricted 
to B f is a conformal homeomorphism onto the image. Yet it is clear 
that the image of 4>a restricted to Pq is the whole of C, which contra- 
dicts the fact that Pq is a hyperbolic domain. The second part of the 
statement is elementary, and is left to the reader. □ 
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Pushing the argument a little further, we have: 

Proposition 4.5. For f G P the immediate basin B$ is simply con- 
nected and contains exactly one critical point of f . The restriction 
f : Bl Bl is a degree-2 branched covering. 



Proof. By Proposition 4.4, there exists n su ch t hat P_ n contains the 
critical value & . Inductively applying Lemma 3.7 we see that for k G N 
the domain P_( n+ fc) is a topological disk, and / : P_( n+ fc) — > P-( n +k-i) is 
a branched covering of degree 2 with a single, simple critical point. □ 



The proof of Theorem 4.3 will rely on the following key result, which 



is a direct analogue of Theorem 3.10 



Theorem 4.6. Let f G P, and denote B® the immediate basin of 
the parabolic point of f. Then B® is a Jordan domain. Denote f 
the continuous extension of f to dB^. There exists a homeomorphism 
p : <9£>q — > T such that 

p(f(z)) = 2p(z) modi. 

The proof of Theorem |4.6| is quite involved, as it will require a de- 
tailed understanding of the covering properties of a map in P. Let us 



show how Theorem |4.6| implies Theorem |4.3 
Proof. Consider a Riemann map 



4.6 



which maps to the sole critical point of / inside Bq . By Theorem 
and Caratheodory Theorem, the Riemann map has a continuous ex- 
tension to a homeomorphism 

Let us further normalize the Riemann map D — > Bq by requiring 
that v(l) = 0. This specifies the mapping uniquely, and we denote it 

Set 

B(z) = (ipf)' 1 o / o -0/ : B D. 
The map B is a degree two Blaschke product, with a single simple 
ramification point at the origin. It fixes the boundary point 1. By the 
local dynamics of /, the point 1 attracts some orbits of B in D, and 
hence \B'(1)\ < 1. 

Assume that |-B'(1)| < 1. Then there exists an arbitrarily small 
crosscut 7 forming a crosscut neighborhood iV of the boundary point 
p = in Bq, whose forward orbit is entirely contained in N. This 
clearly contradicts the local dynamics of the parabolic point p — 0, 
since the boundary points d'y C dB^ lie in a repelling petal of /. 
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Hence |-B'(1)| = 1, which evidently means B'(l) = 1. Applying 
Schwarz reflection about the circle we see that the parabolic point 1 
has at least two attracting directions, and hence B"(l) = 0. 

An inspection shows that the unique Blaschke product of degree two 
with the properties B'(0) = 0, B(l) = 1, B'(l) = 1, B"(l) = is given 
by the formula 

B{z) = 

Let us set 

X = ^f o^ f r 1 :B^B f °. 
By the discussion above, this mapping is a conjugacy: 

X° /| Bo = /o°X|b - 

Let us fix 

D = {\w\ < \c f \}, 

and let g be the branch of / _1 fixing which is defined in D. For the 
moment, the map Vf is only defined locally in a neighborhood of 0, 
which is a priori dependent on the choice of a repelling petal Pj^. Let 
us fix a petal P^ C D. 

The map F = V(fo) has a maximal extension to a Jordan domain 
Wp. Let us use Theorem 3.10 to select a simple arc 7 connecting 
with a G Jf inside Bq° PI P^ in some repelling petal of fo, such that: 

• 7 H J fo = {a}; 

• 7n/o(7) = {0}; 

• denoting Vo C Pr the Jordan domain bounded by 7, fo(j), 
and the Jordan subarc of J/ between a and /o( a ); we have a 
one-to-one correspondence between points in Wf and points in 

V =(V Uj)\{a}; 

• V = x(Vq) C P f R . 

Denote WcC^ the quotient of V by the action of /. Let W C C be the 
image of W by ixp with the puncture at filled. By construction, 
W is a Jordan domain, which contains a neighborhood of 0. We claim 
that: 

(1) the germ V(f) analytically continues to all of W, and, moreover, 

(2) V(f) cannot be analytically continued to a neighborhood of any 
point z G dW. 

Since V C P^DBq , the first statement is immediate by the definition 
of V(f). Furthermore, by (3.1), the set of critical points 

Grit(0i) = x(Crit(0^)) 
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contains dB^ in its closure. Since dW is a projection of a Jordan subarc 
of 8Bq, this implies (2). We have thus shown the existence of a Jordan 
domain 

Dom(/) = W. 

Let 

iff : Dom(/) -> D 
be the unique Riemann mapping normalized as in Definition (4.1). 
The uniqueness of the Riemann mapping implies that, up to a pre- 
composition with a rotation, it is given by the composition 

ixp ocf) S R o x ~ l o (^y 1 o ixp- 1 o<p F , 

with suitably chosen inverse branches. 

The map x induces a conformal isomorphism between attracting 
Fatou cylinders C A — >■ C^°. After uniformizing the cylinders by C*, it 
takes the form 

r = ixp o0^° o x o {(f) } A y l o ixp' 1 :C*^C* 



(with suitably chosen inverse branches). By Proposition 2.10, r is a 
multiplication by a non-zero constant. 
A diagram chase now implies that 

V f o cpf(z) = v ■ F o <p F (e 2wid z) 

for some o / and 9 G K. Since the unique critical value of the 
mapping on the left coincides with that of the mapping on the right, 

v = c P(f)/ c F_ 

□ 

Let / e P. By definition of parabolic renormalization, for any re- 
pelling petal Pft the projection of the intersection PI Bq by ixp o<p^ R 
lies in the domain ~Dom.{V(f)). We remark, that it covers all of it: 

Remark 4.1. For any choice of p£ the projection 

ixp n^U {0,oo} 

is a union of two disjoint Jordan domains W + 3 and W~ 3 oo with 

W + = Dom(P(/)). 
We begin the proof with a lemma: 

Lemma 4.7. Let D be a Jordan domain containing such that 

• c? £ D; 

• there exists a Jordan arc r 3 c* in C \ D running to oo such 
that t fl Bq is connected. 
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Analytically extend g to D. If w G Bq fl D, then g(w) G Bq. 

Proof. Standard considerations imply that g extends to a branch g of 
f^ 1 defined and analytic on C \ r. Note that Bq \ r is also connected. 
For a point Zq on the negative real axis and near to 0, the asymptotic 



development for the attracting Fatou coordinate (Proposition 2.5) im- 
plies that zq and g(z ) w z both lie in Bq. 

Let z G Bq \ r; then there is a Jordan arc 7 in Bq \ r from z to z. 
By the covering properties of /, there is a unique lift 7 of 7 starting at 
g(zo). Furthermore, this lift is contained in Bq, so its end point is in 
Bq. On the other hand, for g as above, 

s i-> g(i(s)) 

is another lift with the same starting point. By uniqueness of lifts, it 
coincides with 7. In particular, the end point of 7 is g{z). Since we 
already know that 7 lies in Bq, it follows that g{z) G Bq. In particular, 
if z G D, then g{z) = g{z), so g{z) G Bq, as asserted. □ 



Proof of Remark \4-l\ Extend the local inverse g to all of P J R . If neces- 
sary, replace P R with g n (P R ) for a sufhcienly large n G N to guarantee 
that there exists a domain D as described in Lemma 14.71 such that 
P^CD. 
Denote 

W = ixp o(f> f R (P f R n Bq[) and 1/ = ixp o<p R (P f R \ B f Q ). 



Lemma 4.7 implies that W and are disjoint. The common boundary 



J = dW = dV is the projection 

J = ixp o0£(p£ nas£) 



By Theorem 4.6, J is a union of two disjoint Jordan curves. Hence, 
W is a union of two Jordan domains W + 3 and W~ 3 00, bounded 
by the components of J. On the other hand, Dom(V(f)) is also a 
Jordan domain, which does not intersect J. Hence, it is contained in 
the component of W which surrounds 0, and is, in fact, equal to it by 
the maximality of the analytic continuation of V(f). □ 

4.2. The structure of the immediate parabolic basin of a map 

in H. In this section we will prove several results about lifts of parametrized 
paths of the form 

s : [0, 1] -> C. 
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We will always assume s(t) to be continuous on (0, 1). We will say that 
s lands at a point a G C if 

lims(t) = a for b G {0, 1}. 

We will generally use the same letter s to denote the function s(t) and 
the curve s([0, 1]) which is its range. We will call the image of the open 
interval (0, 1) under s(t) an open path, and will denote it by s. Several 
times we will encounter the situation when there is a domain W C C 
and a curve 

s : (0, 1) h> W, 

which lands at a point w G dW (to fix the ideas, assume that s(0) = 
iu). If w has more than one prime end in W, then there is a unique 
prime end w such that for every prime end neighborhood N(w) we have 
s fl iV(iu) 7^ 0. In this case, we will write 

s(t) — > w. 

Let / G P. Let s >->■ 7(5) be a continuous path such that: 

. 7 (0) = 7 (1) =0; 

• 7 ( s ) ^ c / for all s G (0,1); 

• the winding number VF( 7 , c^) = 1; 

• there is an e G (0, 7r/2) such that 7 fl -D e (0) lies in the sector 
{Arg(2;) G (-7r-e,-7r + e)}. 

Standard path-lifting considerations imply that there exists a unique 
continuous mapping s h-> 7(5), defined for < s < 1 such that 

7(0) = 0, and /(7(s)) = 7(5) for < s < 1. 

We claim: 

Proposition 4.8. VFe /iawe i/ie following. 

(1) For any /oop 7 as above, there exists a limit 

t G <9Dom(/) = lim7(s). 

(2) Tazs pomi (which we will denote v ) is the same for all loops 7 
satisfying the above properties. 

(3) For f — F = V(fo), the point t F is the projection of the inverse 
orbit 

z. n = (goT(-l) 

by ixpo(fr R . 
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FIGURE 2. An illustration of the proof of Proposition 4.8 



(4) Similarly, for f = H = V{h), the point t H is the projection of 
the inverse orbit 

2_ n = h~ n (l), 

where the inverse branch is selected to preserve the interval 
(0,1). 



Proof of Proposition 4-8 We will prove (1) - (3) for / = F = V(fo)- 
By the definition of P this will imply (1) and (2) in the general case. 
The proof of (4) follows along the same lines as the proof of (3) and 
will be left to the reader. 

Let us begin by selecting a simple curve a C C which connects 
and oo, does not intersect with 7 except at the endpoint 0, and such 
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that an analytic branch of the logarithm defined on a neighborhood of 
a has bounded imaginary part. 

Recall that the attracting Fatou coordinate 0^° holomorphically ex- 
tends to the whole immediate basin Bq° via the equation 

*}o/o(*) = tf}(*) + l. 

This extension is a branched covering Bq° — > C with simple ramification 
points at preimages of the critical point —1/2. 

It is elementary to see what the lift of a to the dynamical plane of 
fo looks like. We summarize its properties below, and invite the reader 
to verify them. Let us denote 

a = a \ {0, oo}. 

The preimage of a under ixp o0^° is a countable collection of disjoint 
simple curves Usj. We will denote the closure of Sj by Sj. It is obtained 
by adjoining two endpoints to Sj: two elements of the grand orbit 
U n > (/o) _n (0), which are not necessarily distinct. 

The curves sj form a grand orbit under f as well. The connected 
components 

St of 5 /() \ U Sj 

are mapped by the attracting Fatou coordinate cf> f ° onto curvilinear 
strips Si C C of infinite height and of unit width. The strips Si are 
bounded by unit translates of the same curve a C C. Let us enumerate 
these strips in such a way that 

T : Si^ S i+1 , where T(z) = z + 1. 

For a fixed Si we have 

sup (Re(x) — Re(y)) < oo. 

x,yeSi 

This is where we have used the assumption on the branches of log in 
C\<7. Thus for every £ e Z the union Uj>^S'j contains a right half-plane. 

Now let us take any component Si C Bq. The above observation 
implies that, for any £ G N, 

0^(U fe >^ fc (^))3{Rez>A} 

for some AsM. Note that if I is large enough, then ^k>tf k {Si) does 
not contain any preimages of —1/2, and hence the restriction of 0^° to 
it is unbranched. Denote the boundary components of S i+ t by s and 
fo(s). Then s bounds an attracting petail P, and 

P = U k > e f k (S l ). 
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We now complete the proof as follows. Fix 



S=S i+t = P\f (P). 

The curve 7 = 7((0, 1)) has a univalent pull-back v C S. We continu- 
ously extend it to a parametrized loop 

v : [0,1] ^SU{0} 

which starts and ends at the parabolic point 0. 

Denote Pq = P and, for j G N, let P-j be the connected component 
of (/o) _1 (-P-(j-i)) which contains P_(y_i). By Proposition 4.4 there 



exists nGN such that P_ n is an attracting petal such that the critical 
value —1/4 is contained in P_ n \ P_( n _i). Denote i/q — v an d f° r 
1 < j < n let v_j C P_j \ P_(j_i) be the univalent pull-back of v^u_ x \. 
The curve is a parametrized loop 

z/_ n : [0, 1] -> P /o with i/_ n (0) = i/_ n (l) = 0. 

By the choice of n, the winding number 

W(i/_ ft ,-l/4) = l. 

Consider the parameterized curve 

^-(n+l) C P-(n+l) \ -P-n 

such that z/_( n+ i)(0) = and 

/o(^-(n+i)) = v - n . 

Evidently, 

i/_ (n+1 )(l) = -1, 

which is the ot/ier preimage of the parabolic point z = under / . To 
complete the argument, let us now consider the connected component 
W of 

which contains the "upper" preimage of —1, the point 

-1 + V3i ™ 

z-i = — ^— e e, 

in the boundary. Let i>_( n+2 ) C W be the next preimage, 

/o(^-(n+2)) = v~(n+i), with i/_ (n+2 )(0) = and z/_ (n+2) (l) = z_i. 

The inverse branch g of the quadratic map /o univalently extends to 
a map 

# : W -> W. 
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For k > 3 denote z/_( n+ fc) the preimage of is~( n +k-i) by this branch. By 
Denjoy- Wolff Theorem, 

Furthermore, z/_( n+fc ) is disjoint from P_( n+1 ). For any given ample 
repelling petal Pr there exists k such that v_( n+k ) C Pr. Consider the 
projection 

7 = ixpo0^°(zy_ (n+fe) ). 
By construction, it satisfies the properties (l)-(3). □ 

To help understand the shape of the immediate basin of F G P, let us 
look at the drawing in Figure 4.2 It illustrates the case F = V(f) (the 
reader may think of / = /q, to fix the ideas). The left figure shows a 
fragment of the boundary of the immediate basin Bq near the parabolic 
fixed point 0. If we look on the right, we see a schematic picture of 
the Jordan domain Dom(V(f)). The point t pt ^ G dDom(V(f)) is the 
"tip of the tail" of the immediate basin B . On the left the reader 
can see how the tail is formed. The lift of the basin Bq fits inside a 
suitable repelling crescent C w reaching to the upper tip of the crescent 
(which under ixp ocj) R becomes the parabolic point z = on the right). 
The point lifts under ixp °4> R to an / _fc -preimage w G C f R of the 
parabolic point 0. The lift of the immediate basin Bq^ to C R reaches 
to w; its shape near w is a conformal image of the shape near (a tail). 
The map ixp o<fi R is conformal in a neighborhood of w, and hence the 

basin B^^ also has a tail ending at t v ^\ 

Let us make a new definition. Let / G P. Consider an attracting 
petal P A which contains the unique critical value G Bq . Let r C Bq 
be a simple curve which connects e with the parabolic point and has 
the property /(r) C r. To fix the ideas, we will take this curve to be 
the horizontal ray 

{Re(z) > Re(0^(c / )), hn(z) = Im(^(c / ))} 

in the Fatou coordinate. Using Proposition |4.8[ and passing from a 
curve around the critical value to a slit connecting the critical value 
with a parabolic point we see: 

Proposition 4.9. There exists a unique simple curve T tn connecting 
t* with such that 

f(T m ) = T. 

Let us use the fact that Dom(/) is a Jordan domain, and hence the tip 
of the tail v G <9Dom(/) is accessible from outside Dom(/), and let 
us continue T m by attaching a simple curve r out connecting t* to oo 
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Figure 3. The formation of a "tail" in the immediate 
parabolic basin of V(f). 



without intersecting Dom(/). Let us further require that r out coincides 
with a negative real ray in a neighborhood of oo. 

Definition 4.3. We call T = r in U r° ut the primary cut of /. 

We prove the following: 

Proposition 4.10. Let f G P. There exists a domain U C C such 
that: 

(1) U is a Jordan domain; 

(2) U C Dom(/) and dU U9Dom(/) = {*/}; 

(3) dU C /^ 1 (r^U9Dom(/)) and U D T m ; 

(4) U3cf; 

(5) there is a single critical point p* G T m of f inside U . 
Finally, there is a simple arc T l \ C f~ 1 {T m ) fl U with endpoints 
u + ,u~ G 9C/ swc/i i/iai D T m = {p^} for which the following holds: 

(6) consider the Jordan domain U' which is the connected compo- 
nent of U \ TZ\ whose boundary does not contain the point v . 
Then 

f :U'\r m — ► Dom(/) \ T m 
is a univalent map. 

In view of the definition of P, it suffices to prove a slightly more 
general statement for / = F = "P(/o) : 
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Fig ure 4. An illustration to the proof of Proposi- 
" The pull-back of C \ T for F = V(f ). 



tion 



4.11 



Proposition 4.11. Let F = V(fo). Consider any simple arc 7 = 
71 U 72 and any Jordan curve r with the following properties: 

• 71 is a simple arc which connects and t F ; 

• 72 is a simple arc which connects t F ; 

• the curve 71 approaches within a sector {Arg(z) G (tt/2, 37r/2)}; 

• thecurvej2 approaches 00 within a sector {Arg(l / ' z) G (tt/2, 37r/2)}; 

• the curve t separates c F from 00 and r D 7 = 

There exists a domain U of F~ l (V) such that: 

(1) U is a Jordan domain; 

(2) C/ C Dom(F) and U 9Dom(F) = t F ; 

(3) dUcF-\^Ur); 

(4) [/ contains a single critical point p F ; 
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(5) there is a simple arc 5 C U which is a preimage of 71, has 
endpoints on the boundary of U, and intersects 71 at the crit- 
ical point p F only. If we let U' be the component of U \ 5 not 
containing t F on the boundary, then the map 

F : U' — ► Dom(F) \ F{8) 

is univalent. 

Proof. Let us again begin by selecting a simple curve o C C which 
connects and 00, and does not intersect with 7 U r except at the 
point 0, and such that an analytic branch of the logarithm defined on 
a neighborhood of a has bounded imaginary part. 
Let us parametrize 7: 

7 (f) : [0, 1] C 

so that 7(0) = and 7(1) = 00. 

With a slight abuse of notation we use the same notation for the 



preimages of a and 7, etc. as in the proof of Proposition 4.8 Let S 



be the fundamental crescent P_ n \ /(P_ n ) which contains the critical 
value —1/4. The corresponding component u_ n C S_ n of the lift of 7 
is a simple arc which passes through —1/4, and whose two ends land 
at 0. 

There are two prime ends of the point in the crescent S- n . We 
denote the "upper" one by 0Z n , and the "lower" one by CT n . They 
correspond to the points and 00 respectively in the quotient Ca — C. 
We will write 

v- n (t) — > 0± n and V-Jt) — > 0Z n . 
Writing S„ {n+k) = P~( n +k) \ P-( n +k-i), we see that 

fo '■ ^-(n+l) — * S- n 

is a double covering, branched at 

-1/2 ^ -1/4 G v_ n . 

We thus obtain two parametrized curves v\ n+ u and v_r n+ x) as the lifts 
of v_ n by / . The intersection 

1 2 

"-(n+l) n = -V 2 - 

For j < n + 1 we denote OZj, OZj the "upper" and the "lower" prime 
ends of in S-j, so that 



0-i)- 
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The other preimage of in dS-( n +i) is the point —1. We use — l^ n+1 ^ 
and — ll( n+1 ) to denote its two prime ends in S'_( n+ i) labeled so that 
the Caratheodory extension f maps 



: (n+ i) ^ 0^ n and - l_ (n+1) ^ 0_ n . 



We have 



v -{n+i){t) t -rf + 0l (n+1) and i/_ ( „+i)(0 t -^> -r 

.2 



(n+1)' 



"-(n+l)(*) ^ ~ 1 -(n+l) alld ^(n+l)^) ^ -(n+l)- 

Denote S-( n+ k) C the pull-back of S-( n+ k-i) by the inverse branch 
go] and 

1,2 _ c 
^-(n+jfc) e ^-(n+fc) 

the corresponding preimage of v_ n . A trivial induction shows that 
there are exactly three points 

n+fe)) 

which map to under /q . Furthermore, a_(„ + fc) has two prime ends 
in S-( n+ ky, the points and /o( a -(n+fc)) each have a single prime end. 
We denote a ± ( n+fe ) the prime end mapped to 0^ n by the Caratheodory 

extension . 
We have 



I/ i(n+fc)(*) t ^ 0_ (n+fc) and i/_ (n+1 )(t) — ^ / (a_( n _ fc )); 

I/ -(n+*)(*) ^ °-(n+l) alld ^ fl -(n+l)- 



' 2 n+fc)l^ ( ^ Q+ 

Each of the sets is composed of two parts, v~^\ and V-jp which 
are the preimages of 71 and 72 respectively. For j < n, they intersect 
at a single point b-y, for j > n there are two such points b\^, b 2 _y 

Denote K-( n +k) c S -( n +k) the preimage of r. Elementary considera- 
tions of monodromy, which we spare the reader, imply that K-{n+k) is 
a union of two simple arcs: one connecting with & 1 i( n+fe - ) , the other 
with b 2 _^ n+k y and otherwise disjoint from v_^ n+k y 

Considerations of Denjoy- Wolff Theorem imply that for every ample 
repelling petal Pr there exists k such that C Pr. Let us project 

the picture in S-t n +k) back to C using ixp o0^. The points a-r n +k) and 
fo( a -(n+k)) are identified in the projection. We obtain a Jordan domain 
U, bounded by the projections of K?_( n+k j, K 2 _^ n+k y V-( n +k),2- It satisfies 
the properties (l)-(5) by the construction. 

□ 
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Corollary 4.12. Let / 6 P, and let U be the domain constructed in 



Proposition 4-10 We have 



• Bl C U; 

• 9S^n9Dom(/) = {t f }. 

Proof. Since 5q does not intersect with r out U <9Dom(/) and dU C 
f'puaDomf/)), we have B f G C £/. Hence, 

dBl n9Dom(/) C {* / }. 

On the other hand, the cut P n C Bq, hence 

t f eW 1 e dB f Q . 

□ 

4.3. The immediate basin of a map in P is a Jordan domain. 



We are now in a position to begin the proof of Theorem 4.6 Let us fix 
F G P and let U be the domain constructed in Proposition |4.10| The 
preimage F _1 (r m ) R B F consists of the curve P n and a simple curve 
P^; the two curves cross at the critical point p F G Bq. To fix the 
ideas, let us parametrize 

T in : [0, 1] ^ b{ 

so that T in (0) = and T in (l) = t f . Let Sl < s 2 G (0, 1) be such that 

r in ( Sl ) = c F , r in ( S2 )= P F . 

By elementary path-lifting considerations, the curve T™ 1 is a cross-cut 
in U. Let V be the connected component of U \ T 1 ^ which does not 



contain t F in its boundary. By construction (Proposition 4.10), there 
exists a univalent branch G of F^ 1 which maps 

Dom(F)\r in ([ Sl ,l])^ v\r in ([ Sl)S2 ]). 

We note: 

Proposition 4.13. The inverse branch G maps the domain Dom(F) \ 
T m inside itself. 

Let l(t) be a simple path such that 1(0) — u, 1(1) — F(u) G dDom(F), 

o 

and I H U = 0. Since Dom(F) is a Jordan domain, the inverse branch 
G has a continuous extension to the boundary point u. Set u = u, 
and denote w_ n the orbit of u under G. The curve / has a univalent 
pull-back i_i C V such that Z_i(0) = u_i and Z_i(l) = w. We let 

L n = G(/_ (n _i)) for n > 2. 
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A — U„>i/_ n . 
We parametrize this curve by (0, 1] so that 

"1 1 



A 



3 j ~ 1 



L 



(i-i) 



for j > 2. 



Thus, A(l/j) = U-j. By Proposition 4.13 and Denjoy- Wolff Theorem, 
we have: 

Proposition 4.14. The curve A is disjoint from Bq , and lands at 0: 

lim Kit) = 0. 

t— >0— 

Definition 4.4. We call the curve T = T U A the secondary cut. 

Let u + ,u~ G dU be the two endpoints of P? l5 labeled in such a way 
that u + is encountered first, when going around dU in the positive 
direction from . Denote the connected components of U \ T by U + , 
XJ- so that [/^w 1 

Consider the inverse branch of / which maps Bq \ r m ([0, s\\) into 
Bq n U + , and let Go be its univalent extension to 

G :U\(AUT m ([0, Sl ]))^U + . 

Replacing U + with U~ we similarly define an analytic branch of F~ x 

G 1 :U\(AUT ia ([0,s 1 ]))^U-. 

Let P C Bq be an attracting petal which contains c F in its interior, 
and let P-% be a connected component of F~ 1 (P) such that 



We set 



Let 



If iQl^ 



P C P_i. 

A = tf\P_ a . 

A = A n U + and Aj = A n U~ 
i n is an arbitrary sequence of n + 1 0's and l's, we define 



H02l...«n 



{zeA„: f j {z) e Ai for 1 < j < n) 



The proof of Theorem |4.6| now follows the same lines as in §3.3| It 
follows from the definitions that 

• A,,,....,., is decreasing in n: A io ... in C A^...^^; 



FA 



10%1—ln 



Ml... In 1 
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Figure 5. The domain A. 

• Aioh...in = ('■■, A,....,... and hence 

M h...i n = G io oG^o-.-o A in , 

or, more generally, 

Aioh.-.in = G t0 o G h o • • • o G l] _ 1 A i]i3+1 .. An for 1 < j < n - 1. 

We show that the diameters of the puzzle pieces Aj^...^ go to zero 
as n — )■ oo, uniformly in i ii . . . i n . More precisely, let us define 

p n := sup {diam(A io ... in ) : i . . . i n E {0, l} n+1 } 

Since A io ...j n D Aj ...j n+1 , the sequence p n is non-increasing in n, so 

(4.1) p* := lim p n 

n—>oo 

exists. 

We will prove 

Proposition 4.15. The limit p* = 0. 

In the same way as Lemma [3.16[ we have 

Lemma 4.16. There is an infinite sequence ioii . . . i n . . . so that 

dmm(A ioh ,„ in ) > p* for all n. 
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Proof of Proposition \4-15\ Let us assume the contrary: > 0. 



We fix a sequence ioh ■ ■ ■ as in the Lemma |3.16[ and we split the 
proof into three cases: 

(1) ij is eventually 0; 

(2) ij is eventually 1; 

(3) neither of the above holds. 

We start with case (3). There are then infinitely many j's so that 

ij = and ij +1 = 1 
Let jk be a strictly increasing sequence of such j's. Then, for each k, 

f-jk '■= G io ° G h ° ■ • • ° G i ]k -i 

is an analytic branch of the inverse of f^ k mapping A i bijectively to 
Aj ...i jfc+1 . The closure of A i does not intersect the postcritical set 
of /. We now use a version of the argument we gave the proof of 
Theorem 13.151 

We let Q be an simply connected open neighborhood of A i disjoint 
from the postcritical set. Then each /_ Jfc extends to an analytic branch 
of the inverse of F Jfe defined on Q (and we denote this extension also 
by f- jh ). 

By Montel's Theorem, there is a subsequence of {jk) along which f_j k 
converges uniformly on compact subsets of U in the spherical metric on 
C. By adjusting the notation, we can assume that the sequence (f-j h ) 
itself converges to an analytic function which we denote h. Since 

diam(/_ jfc A i) = diam(A io ... ijfe+1 ) 

does not go to zero as k — > oo, the function h is non-constant. 

Let Zq := G (u~) G A i fl 8Bq . By invarince of the basin boundary, 
we have Wq = h(z ) G OBq. Since h is non-constant, /i(A i) contains 
an open neighborhood W of wq- Let V (s W be a smaller open neigh- 
borhood of wq. Then, an arbitrary large iterate F^ k maps V inside Q, 
which is impossible, since f(u~) <9Dom(/). 

We turn next to case 1 above, and deal first with the situation ij = 
for all j. We write 

A (B) := A^_£ = (Go) n - 2 A o 

n terms 

Now Go maps Aoo into itself, and Go = G on Aoo, so we can write 

A (n) = ( G )«-2 Aoo> 
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By Denjoy- Wolff Theorem applied to g and local dynamics near the 
parabolic point 0, 

(G) n ~ 2 ->■ uniformly on A 00 , 

so 

diam(A (n) ) -> as n — > oo. 

Next consider sequences of the form i ii ■ ■ ■ i^OO • • • , and use the 
formula 

A I ,., k 0-0^ !o oG !1 o...oG ! ^). 



The mapping G io o G iL o • • • o G ik extends to be continuous on A o, and 
diam(A( n )) — > by what we just proved, so 

diam(A iQ . fc0 ... ) ^0 asn^oo. 

n terms 

A similar argument, using G\ = G on An shows that 
diam( A io i i . . . j_) — > as n — > oo. 

n terms 

□ 

Let i — (ij)jLo be a finite or infinite sequence (N < oo) of 0's and 
l's. We interpret it as a binary representation of a number in [0, 1]: 

N 

i 2 = J^e[0,l]. 

3=0 

For any such dyadic sequence, 



Aj D Ajojj D • • • D Aj ...j n D . . . 

is a nested sequence of compact sets in C with diameter going to 0, so 
its intersection contains exactly one point, which we denote by z(i). 
It is immediate from the construction that i i— > z(i) is continuous 
from {0, 1} Z to C. It is not injective, however, this ambiguity is easily 
tractable: 

Lemma 4.17. Suppose i = i ii . . . i n _i and i' = i' i[ . . -i' n _i are two 
finite dyadic sequences of an equal length, and 

A7n A7^ 0. 

Then either i 2 = i^ 2 , or i 2 = V_ 2 ± 2 _n . 

The proof is a straightforward induction in n, and is left to the 
reader. 

As a corollary, we get: 
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Corollary 4.18. Let i and i' be two infinite dyadic sequences. If i 2 7^ 
i/ 2; then Aj ...j n and A^...^ are disjoint for large enough n 

Proof. For any i = zo • • • i n ■ ■ ■ , and any n 

|i 2 - ip ■ ■■in-i 2 \ < 2~ n 

so, if n is large enough so that 

|i 2 -i: 2 |>3x2- ? \ 

then 



which by Lemma 3.17 implies that Aj ...j n _ 1 and A^...^ _ i are disjoint, 
as asserted. □ 

Putting together what we know about the map i i-> z(i), we finally 
obtain: 

Proposition 4.19. The angles i 2 = f 2 if and only if z(i) = z(i'). 
Hence there is a function 6 1— > z{6) from the circle M/Z to C so that 

The function z(.) is continuous, bijective, and maps the circle onto 



J = n n ((F-)\uA) 



By Theorem |3.20[ we have: 
Corollary 4.20. The set J is a Jordan curve. 

Proposition 4.21. Let F : J — >■ J be defined as F{t F ) = 0, and 
coincide with F elsewhere on J. The map i 2 1— > z(i) is a conjugacy 
between 9 1— > 28 and F(z): 

F(5(i)) = z(2-i 2 ). 

Let us denote B the connected component of C \ J which contains 
c F . By construction, B fl B F 7^ 0. By the Maximum Principle, 

F : B B. 



By the classification of dynamics on a hyperbolic domain, 

B C B*. 

On the other hand, preimages of v are dense in J = dB, and hence 
We conclude: 



b f n J 



B = B , 
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Figure 6. Several components of the parabolic basin of 

feu 



and thus Theorem 4.6 is proven. 



We illustrate the topological structure of the parabolic basin of a 



map / £ P(P) in Figure 4.3 We have indicated the immediate basin 
B as well as several components of f~ l (Bo). To better understand 
those, we have drawn the preimage / _1 (C) of the circle 

C = {\z\ = \c\}, 

which cuts across the only critical value c of /. These critical level 
curves partition the domain W into univalent preimages of the disks 
D+ = D |C |(0) and D~ = C\D+. 

Two smooth branches in the preimage / _1 (C) may intersect at a 
ramification point of / (all of the ramification points are simple). 
Each critical component of f^ 1 (B Q ) has one of these branch points, 
and touches dW in two points ("preimages" of the asymptotic value 
0). The non-critical components of f~ 1 (Bo) arrange themselves in se- 
quences along the critical level curves, as shown. 

4.4. Convergence of parabolic renormalization. By definition of 
the class P, every map / £ P can be decomposed as 

f = v V(f Q ) o <p f (e 2 ™°z) : Dom(/) C, 
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where v = c^/c p ^ '. We will denote ipf = <Pf ■ Thus, (ff conformally 
maps the unit disk D onto Wf = Dom(/) with ipf(Q) = and i[>'f(0) > 0. 
We will topologize P by identifying it with the space of thus normalized 
conformal maps of the unit disk: 

/ ^ 

equipped with the compact-open topology. 

Let us state an obvious consequence of the Koebe Distortion Theo- 
rem: 

Lemma 4.22. Let S be a family of univalent maps h : D — > C with 
h(0) = 0. Assume further that there exist positive constants < a < b 
such that a < \h'(0)\ < b for every h G S. Then the family S is 
equicontinuous. 

H. Inou and M. Shishikura [IS] have recently demonstrated the fol- 
lowing: 

Theorem 4.23 ([IS]). There exists a class F of analytic maps with a 
simple parabolic fixed point at the origin, such that the following prop- 
erties hold: 

• V(F) C (F); 

• there exists a map /»6F which is a fixed point of the parabolic 
renormalization: 

r(f*) = /*; 

• denoting fo{z) = z + z 2 , we have V(fo) G F ; and 

V n (f ) -+ /* in F; 

• in fact, there is a structure of an infinite- dimensional complex- 
analytic manifold on F which is compatible with the local-uniform 
norm, in which V is a contraction. 

We remark: 

Corollary 4.24. The fixed point /* has an analytic extension to a 
mapping in P which we will denote in the same way. It is also fixed 
under V, considered as a transformation P — > P. 



Proof. By Lemma 4.22, the sequence of parabolic renormalizations 
V n (fo) is pre-compact in P. By Theorem 4.23, every limit point of 
this sequence coincides with /* on a neighborhood of the origin. □ 
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5. Numerical results 

5.1. Properties of the asymptotic expansion of the Fatou co- 
ordinates. A justification of the use of the asymptotic expansion of 



the Fatou coordinate (Theorem 2.12) for computation has a theoreti- 



cal basis in the following. Recall (see e.g. [Ram]) that a formal power 
series Ylm=i a m%~ m is of Gevrey order k if 



i 



\a m \ < CA n (n\) k for some choice of positive constants C, A. 
As was shown by Ecalle |Ecj : 



Theorem 5.1. The asymptotic expansion of Theorem 2.12 is of Gevrey 
order 1. 

Thus, the asymptotic series of g(w) is rather slowly divergent. A 
Stirling formula estimate suggest that the first n terms of the series are 
useful in est ima ting the value of g for \w\ > const • n. 

is a part of Ecalle's theory of resurgence as applied 



Theorem 



5.1 



specifically to Fatou coordinates (see |Sauj for an account). Recall, that 
the Borel transform of a formal power series Ylm=i a m^~ m consists in 
applying the termwise inverse Laplace transform: 

a C m ~ x 



a m x i y 



(m - 1)! 

In the case when the formal power series is of Gevrey order 1, this 
yields a series 



TO. — 1)! ' 



m=l 

which converges to an analytic function h(Q in a neighborhood of the 
origin. Assume further, that the function h extends analytically along 
the positive real axis, and the extension is of an exponential type. 
Then, the Laplace transform 

POO 

h(x) = / e-^h(()d( 



o 



is defined when Hex is sufficiently large. The original formal power 
series J2m=i a m%~ m is the asymptotic series of h(x), which should thus 
be considered a summation of the divergent formal series. 

Resurgence theory implies much more detailed information about the 



asymptotic expansion of the Fatou coordinate given in Theorem 2.12 
than that required to perform the Borel summation. In particular, the 
function h analytically extends not just along the positive real axis, but 
along every path in C \ {2nin, n = ±1, ±2, . . .}. The attracting Fatou 
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coordinate is obtained using the Laplace transform as described above. 
The same function h also produces the repelling Fatou coordinate: by 
using the Laplace transform 



e- xC h(()d( 



for x with a large negative real part. The development of the resurgence 
theory for Fatou coordinates was started by Ecalle in |Ecj . and was 
largely completed in the recent work of Dudko and Sauzin [DSJ. 

5.2. Computational scheme for V. Having mentioned the resurgent 
properties of the asymptotic expansion of the Fatou coordinate, we 
proceed to describe the computational scheme for V . We begin with a 
germ of an analytic mapping 

f(z) = z + z 2 + 0(z 3 ) 

defined in a neighborhood of the origin. Applying the change of coor- 
dinates w = k(z) = —1/z, we obtain 

A ( 1 

F(w) = w + l-\ yO 



w \w 2 



defined in a neighborhood of oo. We again use the notation for 
the function which conjugates F with the unit translation 

$ A (F(w)) = $ A (w) + 1 

for Kew » 1. We let $>r(w) be the solution of the same functional 
equation for Re w « —1. These changes of coordinate are well-defined 
up to an additive constant, and 

<p A {z) = k~ 1 o $ a o k(z), 4>r{z) = fiT 1 o § R o k(z). 



As we have seen in Theorem 2.12, the function <&a{w) has an asymp- 
totic development 

oo 

$a{ w ) ~ w — A log w + const a + b k w~ k . 

k=i 

The coordinate $r(w) has an identical asymptotic development, dif- 
fering only by the value of const r. While this may seem surprising at 
first glance, recall that these functions are Laplace transforms of differ- 
ent analytic continuations of the Borel transform of the same divergent 
series (plus the w — Alogw + const term). 
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We select a large integer M (in practice, M ~ 100). We will use the 
asymptotic expansion to estimate $a(w) for w > M and $_r(w) for 
w < — M. Consider an iterate N ps 2M such that 

ReF N (w) > M for RewG [-M - 1, — M]. 

Denote the function 

z/(z) = ixpo$ A o F N o (Qr)' 1 o ixp _1 (z). 

It differs from the parabolic renormalization 7 3 (/) only by rescaling the 
function and its argument: 

F{f){z) = aiv(a Q z). 

Now consider a contour T connecting w = — M — 1 + iH with F(u>) ~ 
— M + iff which is mapped onto the circle S p — {\z\ — p} for a small 
value of p by ixp 0$^. Select n G N and consider the n points in S p 
given by Xk = pexp(2nk/n), k — 0, . . . , n — 1. We then evaluate the 
first n coefficients in the Taylor expansion of 77 at the origin 

00 

= Yl r i z3 

j=0 

using a discrete Fourier transform. Specifically, we calculate 

n— 1 n— 1 

Sfc = f(ar fc ) ~ ^r^Xfc)- 7 = ^rjp 3 exp(2nkj / n) , 
and apply the inverse discrete Fourier transform: 



n-l 



T 3 



^— Y s k ex.p(-2nkj/n). 



k=0 



Since 



we have 



W)(X) = ^2s j a 1 d' z 3 , 
j'=i 



aia si = 1, and further ao = — . 

S 2 



This step completes the computation of the Taylor expansion of V(f). 
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5.3. Computing /*. In computing the fixed point f*(z) we find it 
more convenient to work with the representation of a germ f(z) = 
z + z 2 + • • • in the form: 

f(z) = zexp(/io g (z)), 

where /i og is a germ of an analytic function at the origin with f\ g{z) = 
z + ■ ■ ■ . We then rewrite the parabolic renormalization operator in 
terms of its action on / log : 

V log (f log )(z) = (2m)- 1 ^ A o F N o (Qr)- 1 o ixp-^z) - ixp" 1 ^). 

This helps to avoid the round-off error which arises from the growth of 
/* near the boundary 0Dom(/*). 

Modifying the scheme described above to the operator V\ og , we cal- 
culate the fixed point by iterating V starting at fo(z) = z + z 2 : 

Empirical Observation 5.2. 

w z + z 2 + 0.(514 - 0.0346z)^ 3 + ■ ■ ■ 

Our calculations appear reliable up to the size of the round-off error 
in double-precision arithmetic (~ 10~ 14 ) in the disk of radius r = 5 
around the origin. As we will see below, the true radius of convergence 
for the series for /* is approximately 41 (see the Empirical Observation 
53}. 

We also estimated the leading eigenvalue of DV\f,\ 

Empirical Observation 5.3. The eigenvalue ofDV\f t with the largest 
modulus is 

A w -0.017 + 0.040i, |A| w 0.044. 

The small size of A explains the rapid convergence of the iterates of 
V to the fixed point. To obtain this estimate, we write 

oo 

f(z) = z + z 2 + J2 coe Mf)z\ 

k=3 

and consider the spectrum of the N x N matrix A = (aij)i,j=3..N+3, 
with 

_ coeEjjVjf* + ez 1 )) - coeSjjf,) 
which serves as a finite-dimensional approximation to DV\f„. 
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Figure 7. The domain of analyticity of Vfo(z) for 
fa(z) = z + z 2 , with the immediate parabolic basin indi- 
cated. 



66 OSCAR LANFORD III, MICHAEL YAMPOLSKY 

5.4. Computing a tail of the domain Dom(/*). 

Computing the tail using an approximate self-similarity near 
the tip. Let us denote 

U = t f * = dDom(/*) n Bfr 

the endpoint of the tail of the immediate basin of /*. Let Cr be a 
repelling fundamental crescent of /*, and let w G Cr have the property 

U = ixpo(f) R (w). 

Let k > 2 be such that 

A fc H = 0, so that ft\w) = U. 

Denote x the local branch of /* ^ ^ which sends t* to w. Then the 
composition 

v = ixp o(f) R o x 

is an analytic map defined in a neighborhood of the endpoint £*, which 
fixes it: 

v(t*) = t*. 
This point can be found numerically: 

Empirical Observation 5.4. 

f* « -779.306 - 643.282i, and u'(Q « 0.232 + 0.264i. 

Thus, we have identified the endpoint of the largest tail of Dom(/*). 
This construction also gives us the means to compute the tail itself. 
This can be done by successively applying v to the immediate basin 
Bq* thus pulling it in towards i*. 

Now let q G Cr be any other preimage of 0: 

fl (<?) = ** f° r some <? G N. 

Then v = ixpo0 fi (g) is the endpoint of a different tail in 9Dom(/*). It 
can be computed by first pulling back the tail of -Bq* using the inverse 
branch 

and then applying ixp o<f) R . 

Computing the tail using the functional equation for an in- 
verse branch. A more careful analysis of the tail can be done as 
follows. Denote £ the local branch of f^ 1 defined in a slit neighbor- 
hood D r (0) \ [0, r) for some small value of r, which sends >->■ £*. We 
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Figure 8. The inverse branches used in computing the 
tail of Dom(/ t ). 



can write the renormalization fixed point equation for this particular 
branch: 

(5.i) e = ^°e°tf. 

where ipR = X° i x P °0-Rj an d V'a 1 ^ s the appropriately chosen branch of 
(ixpo^) -1 (thus the "self-similarity" of the tail is exponential, rather 



than linear). We are going to use the renormalization equation (5.1) 
inductively to compute £(z) for sufficiently small values of z, and thus 
plot the tail. 

Representing the numbers in the image of the tail. Numerical 
computations indicate that the value of r = 0.0002 is sufficiently small 
for our needs, and for \z\ < r the difference between the left and the 
right sides of (5.1) is of the order of 10~ n . The values of z for which 
we would like to evaluate £(z) become too small to be represented by 
the standard double precision numbers (and even too small for their 
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logarithms to be so represented). We write 

s(t) = exp(27rt), 

and choose i so that 

exp(-27r£) = 0.0002, that is i = 1.3555.. 

We then represent a small positive number 

1 

x 



s fe (t)' 

for the unique choices of t E [i, s(t)), and an iterate k E N. 
We can write any complex number z with \z\ < r uniquely as 

exp(27u60 
z = (k,t,6) = y ). . ; , < 9 < 1. 
v ; s k (t) 

Note that this representation of small numbers makes it very easy to 
compute logarithms. In particular, 

ixp-^A;,^)) = 6 + is k -\t). 



The next step in applying (5.1) is to apply to the right-hand side 
of the equation. From the first two terms in the asymptotics of 

4>a{z) = h 0(log for small z, 

it follows that 

<Pa 1 (v) = — —^n — n\ for large \y\- 

y + OQog\y\) 

A numerical estimate shows that for \y\ > 10 18 the 0(log \y\) term 
dissapears into the round-off error, when added to y. Thus 

^\(k,t,e)) « - — J fc _ « is k -\t) = (k - l,t, 1/4) 

provided s k ~ l (t) > 10 18 . A direct estimate shows that for either k > 3, 
or k = 2 and t > 18 log 10/27T w 6.596 the last inequality will hold. 

The size of the domain of analyticity. To draw the pictures of 
the domain of analyticity of the fixed point of /* (Figures 5.4 and 



5.4) we employed the following strategy. First, a periodic orbit of 



period 2 in dB was identified. Its preimages give a rough outline of 
dBo, but become sparse near the "tails", which are not visible in this 
initial outline. At the next step, the large "tail" of B Q is computed as 
described above. Finally, its preimages are used to fill in the remaining 
gaps in dB . 
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Figure 9. The domain of analyticity of /* and the 
boundary of the immediate parabolic basin Bq* . In the 
second figure, a part of the critical level curve of /* is 
also indicated. 
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-15 -10 -5 5 10 

Figure 10. A blow-up of the boundary of the immedi- 
ate basin of /* in the vicinity of the parabolic point. 

As the final step, we calculate the boundary of Dom(/ <! ) as 
dDom(f*) = ixp o(j> R (dB n P R ). 
An empirical estimate of the inner radius of Dom(/») around the origin 



allows us to formulate the following observation (see Figure 5.4): 



Empirical Observation 5.5. The radius of convergence of the Tay- 
lor's expansion of f* at the origin is R ~ 41. 
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